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Based on the activities carried out in Task 8.5.2, this deliverable introduces a methodology for estimating
uncertainty of environmental prediction, by converting a deterministic prediction model into a stochastic

model.

The present deliverables includes two papers published in scientific journals describing the procedure and
presenting the software for the application, that is available in the public domain.

The methodology is an innovative product of the RETURN project, allowing a seamless estimation of the
uncertainty of predictions.
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The RETURN methodology presented here is identified with the acronym Bluecat, which stands for “Brisk
local uncertainty estimator for generic simulations and predictions”.

In essence, Bluecat is a method to transform a deterministic prediction model into a stochastic prediction
model, therefore turning from a point prediction to the probability distribution of the predictand. From the
latter distribution, a mean (or median) prediction is obtained along with the confidence bands. In September
2024, Bluecat was extended to allow uncertainty assessment of predictions obtained with multiple
alternative models (ensemble prediction), by using minimum uncertainty as a criterion for model selection.

Therefore Bluecat allows the user to performs three tasks:
e updating the deterministic prediction, therefore providing a new point prediction;
e computing confidence limits for the prediction for an assigned confidence level;

e combining predictions obtained with several alternative models by using a criterion of minimum
uncertainty.

Therefore, Bluecat is not only an uncertainty assessment method: it is rather a new prediction (multi)model
with a stochastic structure, and eventually a physical basis that is rooted into the deterministic model.
Bluecat can be applied in conjunction with any deterministic prediction model. To provide an example of
application, we refer here to rainfall-runoff modeling .

The next section of the deliverable presents a copy of a paper published to a scientific journal describing
Bluecat and its application to the Arno and Sieve rivers. The final section presents a second paper providing
an extension of Bluecat to multimodel deterministic predictions and presenting the software available in the
open domain for the reproduction of the results and the application of Bluecat to any case study.
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Abstract We present a new method for simulating and predicting hydrologic variables with uncertainty
assessment and provide example applications to river flows. The method is identified with the acronym
“Bluecat” and is based on the use of a deterministic model which is subsequently converted to a stochastic
formulation. The latter provides an adjustment on statistical basis of the deterministic prediction along with its
confidence limits. The distinguishing features of the proposed approach are the ability to infer the probability
distribution of the prediction without requiring strong hypotheses on the statistical characterization of the
prediction error (e.g., normality, homoscedasticity), and its transparent and intuitive use of the observations.
Bluecat makes use of a rigorous theory to estimate the probability distribution of the predictand conditioned by
the deterministic model output, by inferring the conditional statistics of observations. Therefore Bluecat bridges
the gaps between deterministic (possibly physically based, or deep learning-based) and stochastic models, as
well as between rigorous theory and transparent use of data with an innovative and user oriented approach.

We present two examples of application to the case studies of the Arno river at Subbiano and Sieve river at
Fornacina. The results confirm the distinguishing features of the method along with its technical soundness. We
provide an open software working in the R environment, along with help facilities and detailed instructions to
reproduce the case studies presented here.

Plain Language Summary We present a new method for simulating and predicting hydrologic
variables and in particular river flows, which is rooted in the probability theory and conceived in order

to provide a reliable quantification of its uncertainty for operational applications. In fact, recent practical
experience during extreme events has shown that simulation and prediction uncertainty is essential information
for decision makers and the public. A reliable and transparent uncertainty assessment has also been shown to
be essential to gain public and institutional trust in real science. Our approach, which we term with the acronym
“Bluecat”, results from a theoretical and numerical development, and is conceived to make a transparent and
intuitive use of the observations which in turn mirror the observed reality. Therefore, Bluecat makes use of a
rigorous theory while at the same time proofing the concept that environmental resources should be managed
by making the best use of empirical evidence and experience. We provide an open and user friendly software
to apply the method to the simulation and prediction of river flows and test Bluecat's reliability for operational
applications.

1. Introduction

Recent extreme events like the flood that occurred in central Europe in 2021 have shown that reliable hydrolog-
ical predictions are essential to issue early warnings to institutions and population. Indeed, effective warnings
require people to be informed on the magnitude of a forthcoming event and the likelihood of that happening.
Namely. a prediction along with its uncertainty needs to be timely developed and communicated. The time factor
is in fact essential and therefore the whole warning system needs to be fast and reliable, in the estimation of both
prediction and uncertainty (see, for instance, Ramos et al., 2013 and Pagano et al., 2014). An additional key
element for the success of a warning system is its credibility, which is usually evaluated by end users by confront-
ing the prediction method with their expert judgment and empirical evaluation (Bloschl, 2008). This is precisely
the reason why the prediction and its uncertainty should be elaborated with a transparent approach by making a
perceptional use of the available information and data, which in turn mirror the observed reality of previous and
likely future events.

In particular, the uncertainty inherent in scientific information is one of the reasons for failing to act on disaster
warnings. Forecasts are often elaborated with methodologies that are not easily understood by those who need it.
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Such lack of understanding of uncertainty estimation may lead people to interpret the predictions as unreliable,
and to believe that estimations should no longer be trusted.

Prediction and forecasting have been the focus of an intensive research activity in hydrology (see, for instance,
Bloschl et al., 2013). Here, we concentrate on uncertainty assessment which has been the subject of relevant
efforts since the early works of Spear and Hornberger (1980) and Beven and Binley (1992). The literature is
branched in several subtopics ranging from data uncertainty, parameter fitting, model structural uncertainty,
operational uncertainty and so forth (Montanari, 2011).

To date, the most used method for estimating the uncertainty of hydrological simulations and predictions is the
Generalized Likelihood Uncertainty Estimator (GLUE; see Beven and Binley, 1992 and Beven, 2006). GLUE
rejects the concept of one single optimal model and adopts the notion of equifinality of modeling solutions
(Beven & Lane, 2019). It makes use of an informal likelihood function that has been the subject of an interesting
debate (see, for instance, Montanari, 2005; Vrugt et al., 2009; Beven, 2009). Bayesian methods are widely used
and include, among the others, Bayesian model averaging (see the recent work by Reggiani et al., 2021), Bayesian
estimation of model errors (Tajiki et al., 2020) and Bayesian data assimilation (Bulygina & Gupta, 2009), and
signature domain calibration (Kavetski et al., 2018). In a Bayesian framework, identifying a suitable likelihood
function for hydrological models is a challenging task which requires the introduction of assumptions that need to
be carefully checked as sometimes the related approximations are not easily understandable by end users.

Another relevant example of Bayesian method is the Bayesian Forecasting System introduced by Krzysztofow-
icz (1999), which produces a probabilistic river stage or flow forecast based on a probabilistic quantitative precip-
itation forecast as an input to a hydrological model. The BFS assumes that the dominant source of uncertainty
derives from the imperfect knowledge of the future precipitation, so that it can be assumed that all other sources
of uncertainty play a minor role. While it may be justified for operational forecasting, this assumption looks
restrictive for hydrologic simulations where model structural uncertainty may also be substantial.

The literature presented several approaches to uncertainty assessment based on the statistical analysis of the prob-
ability distribution of model errors or, analogously, the joint probability distribution of observed and simulated
data. These methods belong to the category of the post-processing approaches, which have been proved to outper-
form analyses that consider all the sources of uncertainty (see, for instance, the recent contribution by Valdez
et al., 2021). This class of methods can be further subdivided in likelihood based and likelihood-free approaches.
The use of likelihood is considered by Tajiki et al. (2020) and previously by Schoups and Vrugt (2010), while
likelihood-free methods include the works by Montanari and Brath (2004), Montanari and Grossi (2008) and
Montanari and Koutsoyiannis (2012). The statistical analysis of model errors to estimate simulation and predic-
tion uncertainty with a likelihood-free approach presents the advantage of being transparent to end users and
computationally fast.

In particular, Montanari and Koutsoyiannis (2012) proposed a theoretically based method to convert a determin-
istic hydrologic model into a stochastic approach by fitting the model error with a meta-Gaussian probability
distribution. A similar approach was applied by Quilty and Adamowski (2020) and several other works. Nota-
bly, Sikorska et al. (2015) proposed a nearest neighbor approach to represent the probability distribution of the
model error which makes the method flexible and fast. Similar approaches were applied by Papacharalampous
et al. (2019), Papacharalampous et al. (2020), Papacharalampous, et al. (2019b). Tyralis, Papacharalampous,
and Langousis (2019), Tyralis, Papacharalampous, Burnetas, and Langousis (2019) and Papacharalampous,
etal. (2019a). Notwithstanding the above research efforts, the statistical representation of the model error remains
difficult in some applications and thus there is still the need for end users to further simplify the procedure.

In view of the above previous works and the requirement for effective predictions, we present here an innova-
tive and transparent approach that builds on the concept proposed by Montanari and Koutsoyiannis (2012) to
transform a generic deterministic model into a stochastic predictor. A distinguishing feature of the proposed
method is its ability to infer the probability distribution of the prediction without running multiple simulations
and without requiring strong hypotheses on the statistical characterization of the prediction itself or its error,
therefore resolving critical issues that affect the previously proposed methods. Although intuitive, the method
is supported by a rigorous theoretical development that ensures the best use of the information content of the
observed data. The method can be applied to either physically based, process-based and data-based deterministic
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Figure 1. Schematic representation of the

Time

Bluecat concept underlying the transformation of the deterministic model (D-model) to a stochastic model (S-model). The

painting in the upper right corner is cropped from the picture available at https://www.flickr.com/photos/cizauskas/36142084534/ of the Andy Warhol exhibition at the
High Museum, Atlanta, Georgia. USA (CC BY-NC-ND 4.0).

prediction/simulation models. It can also be applied in conjunction with prediction models based on deep learn-
ing, which are gaining increasing popularity for hydrological predictions (see, for instance, Frame et al., 2021).

We make available an open software in the public domain, working in the R environment (R Core Team, 2013),
along with instructions and examples of applications, to support applications by end users. The software also
provides goodness of fit procedures that are based on the best practices of engineering and applied forecasting.

We propose for our approach the acronym Bluecat, from “Brisk local uncertainty estimator for generic simula-
tions and predictions™. In this paper we focus on river flow and therefore assume that the deterministic model is
arainfall-runoff model. However, the procedure can be generalized to any type of deterministic prediction model.
In what follows, we use the term “prediction” to encompass simulation, prediction and forecasting.

2. Concept of Bluecat

Bluecat is a simple and transparent tool to transform point predictions obtained by any deterministic model
in stochastic predictions, therefore deriving the probability distribution of the predictand. In what follows, we
will use the terms “D-model” and “S-model” to denote the deterministic model and its stochastic counterpart,
respectively.

The information that is needed to perform the above transformation is obtained in Bluecat by building on the
well established concept of comparing the D-model output with observed data; namely. the same concept that
we commonly use for parameter estimation. Basing on such comparison, Bluecat estimates the probability distri-
bution of observed data conditioned on the D-model output and therefore obtains the corresponding S-model
output, along with its mean (or median) value and confidence band. It is important to make clear that the S-model
prediction may be markedly different from the D-model one. In fact, the latter is not necessarily included into
the confidence band of the S-model, which are displaced around the mean prediction of the S-model itself. Such
possible outcome is schematically represented in Figure 1, where the concept of Bluecat is depicted.
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Being based on the comparison between the D-model output and the observations, Bluecat is therefore transpar-
ent and easily understandable, while the theoretical development that we present in Section 3 ensures that such
interpretation of uncertainty is rigorous and asymptotically consistent in estimating global uncertainty.

Bluecat is based on the following main assumptions:

1. A single D-model is considered, with a single parameter set. Section 6 will present a discussion on the possi-
ble extension of the Bluecat concept to multimodel applications.

2. The stochastic processes describing the modeled variables are stationary during the calibration and appli-
cation period. Non-stationarity can be accounted for by using non-stationary D-models (Koutsoyiannis &
Montanari, 2015; Montanari & Koutsoyiannis, 2014a). Such extension is not considered in the present contri-
bution but a discussion is provided in Section 6.

3. The calibration data set is extended enough to ensure that sufficient information is available to upgrade the
D-model into the S-model.

Further assumptions will be introduced and discussed in Section 3.

The third assumption above highlights that the S-model, like the D-model, needs a proper calibration, which
implies that a sufficiently long record of observed data, referring to a variety of hydrologic conditions, is available
for model training. Such requirement may be difficult to satisfy in real world applications, which often refer to
poorly gauged or ungauged conditions. We will discuss in Section 6 the implications of running Bluecat with a
limited training.

The flow chart of the procedure for applying Bluecat is as follows (see Figure 1):

The D-model is calibrated by using observed data;

At the prediction time #* the D-model is run to produce an estimated river flow Q(#) at time r;

A set of size m; + m, + 1 (see Section 3.1 for details) of predicted river flows from the calibration data set,
including the one with the smallest difference from Q(7) plus m, lower and m, greater in magnitude of it, is
extracted and the corresponding simulated river flows g, i = 1, ..., m; + m, + 1 are identified:

4. From the obtained sample of g; the mean (or median) prediction and the confidence band for assigned confi-
dence level from the S-model are estimated by using one of the methods described in Section 3.

W -

Thus, the S-model performs an adjustment of the D-model to compensate its inability to fully reproduce the
observed reality. We develop and present in the following section a theory to prove the rigorousness of the concept
and the ability of the S-model to asymptotically represent the desired probability distribution of the predictand.

3. Theory of Bluecat

We consider a hydrologic D-model transforming inputs x, (e.g., rainfall) at discrete time 7 to deterministic outputs
0, (e.g., river discharge) by means of a relationship that takes the form

O =G (x;), (1

where x_ is a vector containing a number of consecutive input variables, or even a matrix consisting of several
input variables (such as rainfall, evapotranspiration, perhaps river discharge in an upstream basin, and possibly
others). The transformation function is generally complicated, also involving additional state variables (e.g., soil
moisture). A model is never identical to reality and the observed output (the predictand) ¢, will be different from
the model prediction Q.. In the present work we consider the HyMod rainfall-runoff model (Boyle, 2000) as
D-model, which involves five parameters.

As mentioned above, Montanari and Koutsoyiannis (2012) proposed a framework to upgrade a deterministic
model into a stochastic one, which provides the probability distribution of the predictand given the inputs and
the deterministic model output, considering the uncertainty in model parameters and input variables. This work
has been discussed (Montanari & Koutsoyiannis, 2014b; Nearing, 2014) and advanced in other studies (Papacha-
ralampous et al., 2019; Quilty & Adamowski, 2020; Sikorska et al., 2015). Here we pursue the same aim but in
a different setting, with the purpose of upgrading the D-model into the S-model by using the simplest approach
based on data analysis.
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As anticipated in Section 2 we assume that the information contained in the true outputs g_ and concurrent
predictions by the D-model Q. is sufficient to support the above upgrade. This implies that the upgrade is prop-
erly trained over a sufficiently long calibration period. Transparency and ease of understanding of the procedure
is a principal objective and therefore we do not involve multiple simulations, but rather focus on a single model
for which we aim to estimate the global prediction uncertainty. As a consequence, we do not consider parameter
uncertainty in the D-model on the basis that another parameter set is in fact another model. This assumption is
further discussed in Section 6.

Second, we do not subdivide uncertainty in different components as Bluecat automatically incorporate all types,
including the uncertainty in input data and parameters, for which no particular provision is necessary. As already
mentioned, the framework also assumes stationarity. If different subperiods are characterized by different model
parameters or different input uncertainty, then one can split the entire simulated period in subperiods in which
stationarity can be safely assumed. In alternative, the assumption of stationarity may be relaxed by considering a
non-stationary D-model, as discussed in Section 6.

For advancing the D-model into its corresponding S-model we regard all related quantities as stochastic (random)
variables and their sequences as stochastic processes. For notational clarity we underline stochastic variables,
stochastic processes and stochastic functions. We use non-underlined symbols for non stochastic variables and
deterministic functions, as well as for realizations of stochastic variables and stochastic processes, where the latter
realizations are also known as time series.

We assume that the inputs x , at discrete times 7, have a stationary probability density function f,(x) and distri-
bution function F(x). The output ¢ depends on the inputs x_and is given through some stochastic function
(S-model) as

g, =g(x,). 6))

-1

The stochastic process g is assumed to correspond to the real process, while the outcome of the deterministic
—_T
model (D-model) of Equation 1 is an estimate thereof. By considering x_in Equation 1 as a stochastic process,
retaining however the function G(# g) as a deterministic function, we obtain the estimator Q of the output g as:
— —_T -

Q =G(x,). &)

To advance from the D-model, in its form 3, to the S-model in 2 we just need to specify the conditional distribution:
Fio@l®) = P{g<qlQ=0}, @

with ¢ and Q assumed concurrent and referring to discrete time 7. In other words, here conditioning is meant in

scalar setting. An extension where Q is a vector containing the current and earlier predictions by the D-model and
possibly other variables is straightforward but not considered here (see also the discussion in Section 6).

It is relatively easy to infer from data the marginal distribution and density functions of the S-variable ¢ and
D-predicted variable 0. Therefore we may assume that fq(q) and fQ(Q) are known. Then the conditional density
sought should obey

[ taotai@a =1 )
and
/_: f410(q10)fo(Q)dQ = f4(q). (6)
Equation 5 is trivial. If we set z = F,(Q) in 6, with Q = Fé'(z), so that f,(Q)dQ = dz, we obtain

1
/ fao (alF5'(2)) dz = fu(q). (7)
0
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By integration one finds
q 1
/ / fao (alF3'(2)) dzda = F(q). (8)
0 0
and changing the order of the integrals we finally find
1
/ Fyo (qlF5'(2)) dz = F(q). ©)
0

At this stage, if one has time series of concurrent Q and g, each of size n, and if Q,, , is the ith smallest value in
the time series of Q and g, is the jth smallest value in the time series of ¢, then the approximations F(Q)) ~ i/n
and F (g,) ~ j/n can be used and thus one approximates F (q) in 9 as

l n
2 ; Fuo (q|Qu:n) = Fy(q), (10)

and, for g = g,

l n J
;ZFqu(tlu:lea:m)z ; (1)
i=1

Hence,
B}:=ZFq|Q(‘](}:n)|Q(i:n))=j' (12)
i=1

We can thus attempt to determine F;, by minimizing the quantity

y

A= Z(Bi -j)y= 2 (Z Faio (9:m|Qi:n) —j) \ (13)
=

Jj=1 i=1

therefore obtaining the desired conditional distribution which leads to the formulation of the S-model corre-
sponding to the D-model.

3.1. Determining the Conditional Distribution

In real world applications the D-model will provide an uncertain and possibly biased prediction. In such cases
the S-model is applied by sampling from the conditional distribution F,,(¢1Q) which incorporates both a shift of
the prediction Q toward the real value ¢ (bias correction) and the probabilistic assessment of the stochastic error
(uncertainty assessment). A necessary preliminary step is the definition of the above conditional distribution as
defined by Equation 4.

One strategy to tackle the problem is to use a parametric relationship for the function F, ,(¢1Q) and determine its
parameters by minimizing the quantity A in Equation 12. A possibility would be to assume F,(¢lQ) to be a Pare-
to-Burr-Feller (PBF) distribution (see Koutsoyiannis, 2021) with constant tail indices & and ¢ and scale parameter
varying with Q. A similar approach would be to assume a copula C (F;(q), Fo(Q)) and determine F,,(¢1Q) as

F‘IQ(qs Q)

F, = 3
a0(q|Q) 7o)

(14)
with

Fi0(0.0) = C (Fi(), Fo(@)).- o
While a parametric approach like the above is attractive from many aspects, here we propose a fully data based

approach, that is, we try to determine F;,(¢Q) from the data alone (see Figure 1). As the variables of interest in
hydrology are of continuous type, we may expect that each value Q, in the available time series appears only once.
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Thus we cannot form a sample of observed data for a particular value of Q. However, as a simple approximation
of F,,(qlQ), we can form a sample G, i = 1, ..., (mi + ma + 1), of Q-neighbors based on:

Fiol®)=P{a<alQ=0} ~P{4<qi0-20:<0<0+A40:} »
a6)
~ P {g < q|Fp(Q) - AF, < Fo(Q) < Fo(Q) + AF:} =: Fo(q|0.AF,AF),

where the increments AQ, and AF; can be chosen based on the requirement that the intervals below and above
the value Q (or F,(Q)) contain appropriate numbers of data values, m, := AF\n and m, := AF,n, respectively.
The numbers m, and m, should not be too large, so that F, o(Q) + AF,, be close to F,(Q), nor too small, so that
the probability

P{4 < ql(Fo(Q) —mi /n < Fo(Q) < Fo(Q) + ms/n) | (17)

can be estimated from the sample of . From the above probability distribution one can easily estimate the
mean value, or alternatively the median which may be more robust against outliers, which gives the S-model
prediction. As for the confidence limits one possibility is to compute empirical quantiles through order statis-
tics. For example, one may choose AF|, = AF, = AF and m; = m, = m. If one sets, say, m, = m, = m = 20, that
is, m; + m, + 1 = 41, the lowest and highest quantiles that can be empirically estimated would correspond to
1/41 ~ 2.5% and 1 — 1/40 = 97.5%, respectively. Conversely, for probabilities 2.5% and 97.5%, which correspond
to a confidence level of 95%, we can empirically estimate the corresponding quantiles of g as the minimum and
the maximum observed value, respectively, in the sample g; of m; + m, + 1 values.

One should note that a sample size of m, + m, + 1 may not be obtained for the extreme values of the simulation,
for which a number m, of lower predictions and a number m, of higher ones may not be available. In such cases
the sample size need to be reduced accordingly.

We point out that order statistics deliver quantile estimation for a limited set of probabilities that correspond
to the frequency of data in the sample g.. Therefore the above approach cannot be used for estimating quantiles
for arbitrary probabilities of the conditional distribution Fqu(qu). When such need arises, for instance when
performing large ensemble simulations, a parametric relationship for F;,(¢IQ) should be adopted and fitted as
suggested above. Since here we do not use a parametric approach, we will handle this problem by the concept
of K-moments discussed in Section 3.2, noting though that even this cannot exceed some limits imposed by the
subsample length (m, + m, + 1).

3.2. Robust Estimation of Empirical Quantiles

The above empirical estimation of quantiles through order statistics is based on one data point only, as it identifies
the single observation that is closer in frequency to the probability that corresponds to the desired confidence
level. A possible solution to increase the robustness of the estimation is offered by the recently introduced concept
of knowable moments (K-moments, see Koutsoyiannis, 2019; Koutsoyiannis, 2021) which gives an alternative
for empirical quantile evaluation that is more reliable than order statistics as it combines many data points in each
estimate. Furthermore, K-moments offer unbiased estimates of distribution quantiles, while the order statistics
enable unbiased estimates of the distribution function. The two estimates may differ substantially for heavy-tailed
distributions.

The noncentral knowable moment (or noncentral K-moment) of order (p, g) of the random variable x is defined
as (Koutsoyiannis, 2019)

Kjoi=(p—q+ l)E[(F({))p-qz"], (18)

with p > ¢ and E indicating the expected value. A most interesting special case is g = 1. In fact, the noncentral
knowable moment of order (p. 1) is given by

K. = pE [(F({))p_lf] , (19)
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with p > 1. A basic property that connects the K-moments with expectations of maxima is
K,’,:E[_)gm] =E[max (gc_lgc_zgﬂ)] (20)

For expectations of minima another type of K-moments is defined, as described in Koutsoyiannis (2021). There-
fore, by definition K represents the expected value of the maximum of p copies of x and thus it is an estimate for
the empirical quantile, which is computed by considering the whole data sample.

A key step in the above procedure is the estimation of two K-moment orders p, and p,, corresponding to the
desired confidence level, for the upper and lower confidence limit, respectively. We illustrate here below the
procedure for computing p, and refer to Koutsoyiannis (2021) for details on the computation of p,.

First, let us introduce the A-coefficient of order p, as

1

Ny = ———.
* Ph (] - F(Ktl’h))

21

Ay, varies only slightly with p,. Any symmetric distribution will give exactly A, = 2 because K| is the mean,
which in a symmetric distribution coincides with the median and thus yields F(K}, ) = 1/2. The exact value A,
is easy to determine, as it is directly related to the mean, namely,

Ay :

= 1_—m 22)

while the exact value of A, depends only on the tail index & of the distribution according to

ra-¢:, E#0
Ao = (23)
e, &=0

where y = 0.577 is the Euler's constant.

Basing on the above estimates for A and A_ the following approximation may be used for estimating A,,, which
is satisfactory for several distributions:

s M —Aw

Pn : 24

and, substituting in Equation 21

1
F k / o~ — ——
( I’h) I Aeoph + (Al = Aoo) (25)

Conversely, for a given non-exceedance probability F, we can calculate the quantile x as the K, that corresponds to:

' A5

N 41—
P (- F) Ao

(26)

where, in our case, F' = | — a/2, being a the significance level of the confidence band.

For estimating A, an expression for the probability distribution of F is to be selected and plugged into Equa-
tion 22. Koutsoyiannis (2021) provides ready-to-use relationship for A, for several probability distributions. The
distribution F can be assumed to be invariant over the range of the simulated river flows. Therefore, estimates
for the tail index can be obtained by fitting the whole observed data sample (or the mean prediction sample
obtained with the S-model) with a suitable probability distribution (we use the PBF distribution for the case
studies presented in Section 5). Note that the above distributional assumption on the whole data set has the only
purpose of providing estimates for the tail index (F(u) is also required but this can readily be estimated from
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data even without fitting a distribution) and therefore we do not make any assumption on the distribution of each
individual sample that is used for the estimation of the empirical quantiles at each time step.

4. Assessment of Goodness of Fit

Assessment of performance is essential to provide end users with an indication of the reliability of the S-model
and its confidence limits. Besides providing values of the Pearson correlation coefficient between observed and
simulated data and the Nash efficiency for both the D-model and S-model, we also draw the diagnostic plots
described below and report the percentage of observations lying outside the confidence limits, estimated by using
both order statistics and robust estimation.

4.1. Combined Probability-Probability (CPP) Plot

A simple graphical test is introduced here to assess the performances of the S-model. It is based on the compari-
son of the marginal distributions of observed and predicted variables. Here we refer to it as “Combined Probabil-
ity-Probability™ (CPP) plot. CPP is a plot of the empirical distribution function F, (w) of a stochastic variable w
against its value w. The variable is defined as the non-exceedance probability:

w:= Fo(q). @7
Its distribution function is F,,(w) = P {w < w} = P { Fo(g) < w} =P {g < F(;l(w)} and hence:
Fow) = F, (F3'(w)) . (28)

In other words, F, (w) combines the distribution functions of predictions Q and real quantities g. The predictions
are regarded as good if the plot F| (w) versus w is the equality line, that is, if F, (w) = w, which means that the
distribution of w is uniform. In this case Fq"(w) = F5 !(w). This is possible only if F, o(x) is identical to F q(x).
which is what we would like to check. Note that a CPP plot lying above (below) the equality line indicates over-
prediction (underprediction) while a S-shaped CPP plot with the initial part above (below) the equality line and
the second part below (above) the equality line indicates overestimation of low (high) flows and underestimation
of high (low) flows.

In essence, the plot tests whether the two distributions, estimated from the data, are identical. We note that the
CPP plot, except for assessing the proximity of the two marginal distributions, does not give any other indication
if the predictions are good. For example, if Q is completely independent from ¢ (as it may happen if an obviously
irrelevant model is used) but the two distrib_utions are identical, again the distribution of w will be uniform.

4.2. Predictive Probability-Probability Plot

A second check is herein used to verify the reliability of the estimated confidence band. Laio and Tamea (2007)
have introduced a diagnostic plot combining probability distributions of predictions and true values, which has
become later popular in similar studies, having been termed “predictive quantile-quantile™ plot (Eslamian, 2014),
even though in the original paper it has been called simply probability plot. Here we refer to it as “predictive
probability-probability” (PPP) plot because the plot actually represents probabilities. PPP is a plot of the empir-
ical distribution function F(z), of a stochastic variable z, where the latter also represents probability, that is, a
conditional non-exceedance probability, namely

2o += Fao(g). (29)

In other words, z is the distribution function of the prediction evaluated for the observed value of the predictand.
The idea of PPP comes from the Rosenblatt's result that for any stochastic process x _in discrete time 7= 1,2, ...,

the sequence of variables z,,z,, ..., z_, whose values are:

Zio=P {-)Er < x,|£r__I = Xealyeeen X =X|} = Fy o, (X2 ]Xeo1) (30)

KOUTSOYIANNIS AND MONTANARI 9 of 20

Q| TTOT "EL6LYTGI

dig wosy papeo)us

Sy SUOTIPUO.) PUE SWE | 3G 28 [O70T/ENVET | uo esqr dusuy (i © 50 ¥ uedi(] NUISIS B - URURIU0 OUXTY AG ST TE0MM I Z0T/ET01 O 1/A0pAuod Kajm i

> Rapms

$3( 30§ Anugey sutjuy LAy vo (

ASUIINY SHOUALOY) 2ATEL) 2fqronddn A £g PAUIAOT 200 SIINW YO 18N Jo



~u
AGU

ADVANCING EARTH
AND SPACE SCIENCE

Water Resources Research 10.1029/2021WR031215

F4(z)

Figure 2. Information conveyed by the predictive probability-probability plot.

are independent and identically distributed with uniform distribution in [0,
1]. Note that here we used the vector notation X, :=[x,_1. ..., x;]" to repre-
sent all values of the process earlier than 7. One may see an analogy of Z,
defined in Equation 29 with z_defined in 30 as they both are predictive distri-
butions. Extending this analogy. one would expect that different z defined
by Equation 29 would also be independent and identically distributed, which

allows considering the different values as a sample of a single variable z. In
turn, this enables estimating the distribution function of z from the sample.

The information conveyed by the PPP plot is useful as it provides an over-

view of the reliability of the estimated confidence band for any confidence
level, by showing departures of the calibrated predictive distribution from
the optimal one. Specifically, a shape of the validation curve above or below
the equality line indicates overprediction and underprediction, respectively,
while a shape above (below) the equality line in the first part of the diagram
and below (above) the same line in the second part means that the forecast is
narrow (large). Figure 2 provides a graphical overview of the above features,
while more details are given by Laio and Tamea (2007). Furthermore, the
z departure of the PPP plot from the equality line is a relative (with respect to
the sample size) measure of the number of points lying below the lower and
above the upper confidence limit. For example, coverage probabilities for
confidence level of 0.8 are related to segments A and B in Figure 2.

In fact, the percentage of observations lying below a confidence limit is such that for a given Q the probability
that the true discharge is not greater than ¢ is

P{a<qlo=0} = Fio(@. @)

If we choose a non-exceedance probability y, 0 <y < 1, so that, for any Q, F, 4i0(@) = v then the latter relationship
specifies a confidence curve for ¢, which is a function g = h(Q), given that y is constant. The probability

P{a<h@)lQ=0} = Foh©)=y (32)

is constant, independent of Q. Moreover, given the definition of z and its property not to depend on Q, one obtains
z =y. If the distribution of z is uniform in 0,1, that is, F.(z) = z, the value of F (z) at the point z = y will be equal
to y. Therefore any deviation from uniformity is a relative measure of the number of observations exceeding the
value y that would be expected that fall outside the confidence limit.

Note that the non-parametric fully data based approach of Bluecat infers Fo(¢) in calibration from Equation 16,
basing on subranges of Q. Therefore, if one estimates the z, sample for the same values of Q the empirical distri-
bution of z will be clearly uniform, regardless of the D-model performance or any other feature of the processes
q.and Q.. Therefore, the PPP plot for the calibration period of Bluecat will always be a straight line (equality line)
by definition, because the data to be predicted are those that have been used to estimate the predictive distribution.

5. Case Studies

Bluecat was first tested with control experiments that have been presented by Koutsoyiannis and Montanari (2020).
These confirmed the capability of the method to estimate reliably stochastic predictions and coverage probabili-
ties in controlled conditions.

Here we present two case studies to test the performances of Bluecat in real world applications. They refer to the
cases of the Arno river at Subbiano and the Siver river at Fornacina, for which a rainfall-runoff model is used to
elaborate river flow predictions. The Sieve river is a tributary of the Arno river. They flow in the Tuscany Region,
in Italy. Figure 3 presents a schematic map of the river basins. Climate is continental with low flows during Summer
and high flows in the Fall and Spring seasons. Occasionally high flow events may occur during the winter.
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= Arno basin
- Sieve basin|

Figure 3. Basins of the Arno river at Subbiano and the Sieve river at Fornacina.

We apply to both case studies the rainfall-runoff model HyMod (Boyle, 2000; Montanari, 2005) with 5 param-
eters. These are C,, [length], the maximum storage capacity within the basin), # [dimensionless], the degree of

spatial variability of the soil moisture capacity within the basin, « [dimensionless], a factor for partitioning the
flow between two routing procedures, &, [time] and , [time], characteristic times for the two routing components.

For both case studies we calibrated the HyMod model by minimizing the Nash-Sutcliffe efficiency. It is well
known that performance metrics are affected by significant sampling uncertainty (Barber et al., 2020; Clark
et al., 2021). Lamontagne et al. (2020) have shown that estimation robustness may be improved by performing a
preliminary logarithmic transformation of observed and simulated river flow data. Therefore, we considered the
following transformation, which can be applied also to intermittent river flows (Koutsoyiannis, 2021):

y=/llog(1+'-§) (33)

where x and y are original and transformed data, respectively, and 4 is a parameter. For 2 — 0 and 4 — oo Equa-
tion 33 becomes equivalent to the logarithmic and the identity (y = x) transform, respectively.

It is well known that a limited training for hydrologic models may cause overparameterization, which in turn
implies that model performances in calibration may not deliver a useful information on the reliability of model
predictions in validation. This issue will be further discussed in Section 6.

We estimated confidence limits by applying both robust estimation and order statistics by adopting a confidence
level of 80%. We selected m, = m, = 100 which means that each prediction distribution is estimated over a sample
of m, + m, + 1 = 201 observations. For the extreme values of the prediction the sample size was reduced when
enough lower/higher predictions were not available (see the note at the bottom of Section 3.1). The S-model
predictions were obtained by estimating the median value of the conditional probability distribution given by
Equation 4, although CPP plots were drawn for the mean stochastic prediction as well.

Median prediction and confidence band for the S-model were estimated for both the calibration and validation
period. Of course we expect better performances of the S-model for the calibration period while the validation
exercise is expected to provide an indication of the Bluecat performances for out of sample prediction. Goodness
of fit is estimated by the performance indicators discussed in Section 4.
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Table 1

HyMod Model Calibrated Parameters for the Considered Case Studies

5.1. Arno River at Subbiano

The catchment of the Arno river at Subbiano is located within the mountain

Basin

C [mm)

'

pAl—1

af -] ki[days]  kj[days]  belt of the Northern Apennines, with mean, minimum and maximum eleva-

Arno

Sieve

336
323

0.10
0.20

0.61 24.34 1.25 tion of 750, 250 and 1,657 m above sea level, respectively. The catchment

055 461 357.53 area is about 752 km? and the average catchment slope is about 14%. The

700

600 +

True value and S-prediction

200

400

100 5

data of mean areal daily rainfall (estimated from raingauge observations) and
evapotranspiration (estimated from temperature data) span the 22-year period
1992-2013. We use the first 20 years for model calibration and the last two
years for model validation. Optimization was performed after transforming data as in Equation 33 with 4 = 0.000
1, a value that was selected by looking at the S-model performances in calibration. Calibrated model parameters
are given in Table 1. For the calibration period the Pearson correlation coefficient between the D-model outputs
Q and the observed values g is 0.84, which means that the model is able to explain 0.84> = 71% of the total vari-
ance. The Nash efficiency is 0.63.

Figure 4 shows the results of the application of Bluecat in calibration mode with robust estimation. In the left
panel a scatterplot of D-model predictions versus observed values and S-model predictions is shown, along with
the related confidence limits. The inset shows a detailed representation of the low flow range. The right panel
depicts 100 days of the calibration period, where the first day is January Ist, 2011.

The S-model displayed improved predicting performances, with a Pearson correlation coefficient of 0.88 and
a Nash efficiency of 0.77 (median prediction). Figure 4, particularly in the inset, also shows that the D-model
overpredicts low discharges and underpredicts high ones. The bias is reduced by the S-model. Coverage probabil-
ities are reported in Table 2, for confidence band estimated with both order statistics and robust estimation. The
CPP plot, shown in Figure 6, confirms the prediction bias of the D-model and the improved performances of the
S-model which, however, still overpredicts the low flows as Figure 4 anticipated.

The results of the validation are shown in Figures 5 and 6 and Table 2. The right panel in Figure 5 depicts
100 days of the validation period, where the first day is January Ist, 2013. The D-model performance in vali-
dation is summarized by a Pearson correlation coefficient of (.80 and a Nash efficiency of 0.57. Slightly better
performances are given by the S-model prediction, with Pearson coefficient of 0.81 and a Nash efficiency of 0.62.
The CPP plot confirms that the S-model improves the performances in terms of probability distribution of the
predictions and proves the slightly better performances of the median with respect to the mean of the probability
distribution given by Equation 4 to compute the S-model prediction. It also suggests an overestimation and under-
estimation of low and high flows, respectively.

True

----- Equality line n True D-prediction

Median S-prediction ——High S-prediction
= = Median S-prediction —— Low S-prediction

180
------- High S-prediction
160 .
140

120

------- Low S-prediction

60

True value, D- amd S-prediction
-
[~
=

0 20 40 60 80 100

Time

300 0 10 20 30 40

D-prediction

Figure 4. D-model and S-model predictions, along with confidence limits, for the calibration period of the Arno river at Subbiano. The right panel depicts 100 days of
the calibration period, where the first day is January Ist, 2011.
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Table 2 The PPP plot is reported in Figure 10 (left) and shows that in validation the
Percentage of Observations Lying Outside the 80% Confidence Limits for confidence limits are narrow. This outcome is confirmed by the percentage
the Considered Case Studies of observations lying outside the confidence limits, which are reported in

Table 2, which are higher than the values of 10% for each band that one
would expect for a confidence level of 80%. Further consideration on the PPP
plot results for the Arno River are found in Section 6.

Arno calibration ~ Arno validation  Sieve calibration  Sieve validation

% % %o %y %o % e %,

Robust estimation

0/ 0 0 o
10% 8% 17% 16% 7% % 13% 14% 5.2. Sieve River at Fornacina

Estimation with order statistics

9% 10% 7% 9% 8% 9% 6% 16% The Sieve river is a tributary of the Arno river that is also located in the

Northern Apennines, with mean, minimum and maximum elevation of 488,
96 and 1,637 m above sea level, respectively. The catchment area is about
846 km? and the average catchment slope is about 12%. The data of mean
areal hourly rainfall (estimated from raingauge observations) and evapotran-
spiration (estimated from temperature observations) span the 5-year period
1992-1996. The flow regime of the Sieve river is intermittent with the presence of about 4% of zero values in
the available record.

Note. Band was estimated with both order statistics and robust estimation.
Subscripts & and [ refer to upper and lower limit, respectively.

We use the data from June 1Ist, 1992 to December 31st, 1994 for model calibration and the data from June 2nd,
1995 to December 31st, 1996 for model validation. Note that we discarded the January—May period for both cali-
bration and validation because high flows typically occur in that season that are not satisfactorily reproduced by
HyMod for the limited duration of the model warm up. We maximized the Nash-Sutcliffe efficiency to calibrate
the parameters without applying any transformation to the data, as this led to the best S-model performances in
terms of median prediction and coverage probabilities.

Calibrated model parameters are given in Table 1. For the calibration period the correlation coefficient between
the D-model outputs Q and the observed values ¢ is 0.91, which means that the model is able to explain 82% of
the total variance. The Nash efficiency is 0.81. Figure 7 confirms the good fit of the model in calibration. The
right panel depicts 150 hr of the calibration period starting from September 16th, 1992 at 5 a.m.

The calibration results confirm the improved performances of the S-model, whose mean prediction has a Pear-
son correlation coefficient of 0.94 and Nash efficiency of 0.88. Figure 7, particularly in the inset, shows that
the S-model corrects the prediction bias of the D-model. The percentage of points lying above and below the

400
— True
350 ! ! , ----- Equality line
. - = Median S-prediction = True D-prediction
300 + 1 "'_.': Z ’ /,‘ ....... High S-prediction : ?:S?iag,z(mf::,(,"o“ DR

< || IO Low S-prediction 400

s
3 27 2 1350
g =
2 T 300
2 200 = |
& @ 250
E =
= £ 200 -
S 4
> 150 | & 450 4
2 ¥
- = 100
s
1991 £ s0
o
0
*7 0 20 40 60 80 100
Time
0
0 50 100 150 200 250 0 10 20 30
D-prediction

Figure 5. D-model and S-model predictions, along with confidence limits, for the validation period of the Arno river at Subbiano. The right panel depicts 100 days of
the validation period, where the first day is January Ist, 2013.
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Figure 6. Combined probability-probability plots for the predictions of the river flows of the Arno river at Subbiano in calibration (left) and validation (right).
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confidence limits is reported in Table 2. The CPP plot, shown in Figure 9, confirms the improved performances
of the S-model and in particular its effectiveness in correcting the D-model bias in the high flow domain.

Validation results are shown in Figure 8, where the right panel depicts 150 hr of the validation period starting
from January 5th, 1996 at 12 a.m., and Figure 9. The D-model performance in validation is summarized by a
Pearson correlation coefficient of 0.87 and a Nash efficiency of 0.53. The low value of the Nash efficiency is
due to the significant overestimation of the low flows by the D-model. It is interesting to note that the S-model
prediction exhibits a better fit with a Pearson coefficient of 0.88 and a Nash efficiency of 0.66. The latter is
markedly improved thanks to the capability of Bluecat to correct the prediction bias. As for the confidence band,
the PPP plot shows overall a good fit with a slight overprediction especially with regard to the lower limit (see
also Table 2).

The results of the two case studies will be further discussed in Section 6.

True
----- Equality line
- = Median S-prediction = True D-prediction
Median S-prediction —— High S-prediction
....... High S-prediction Low S-prediction
7 1 800

------- Low S-prediction 2 700 -
| E 600
800 A 500
700 4 £ 400
600 + © 300 1
500 | 2N
2 10
400 = 10
0 0 \ 5
300 Aot 0 50 100 150
A . | 200 Time
300 400 500 600
_ 100 HA=— - '
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Figure 7. D-model and S-model predictions, along with confidence limits, for the calibration period of the Sieve river at Fornacina. The right panel depicts 150 hr of
the calibration period starting from September 16th, 1992 at 5 a.m.
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Figure 8. D-model and S-model predictions, along with confidence limits, for the validation period of the Sieve river at Fornacina. The right panel depicts 150 hr of
the validation period starting from January 5th, 1996.

6. Discussion

In introducing Bluecat we assumed that the probability distribution of the observed data, conditioned to the
D-model simulation, can be reliably inferred from a calibration exercise (see Sections 2 and 3). Actually, this
assumption holds asymptotically, namely, when the size of the calibration data sample is large. Furthermore, the
assumption that we made that input and parameter uncertainty are satisfactorily resembled by the probability
distribution given by Equation 4 also holds asymptotically.

When the calibration data set is not extended enough one may experience overparameterization, which implies
that the calibrated model exhibits satisfactory performances in calibration that are not confirmed in validation.
Therefore, in such cases the D-model errors in calibration may be much smaller than those in validation, which
implies that the S-model generated by Bluecat may underestimate prediction uncertainty. That is, confidence
band may be narrow, which means that the PPP plot would be S-shaped with the first and second part displaced
above and below the equality line, respectively.

Furthermore, a limited extension of the validation period may imply uncertainty due to sampling variability.
Namely, even if the confidence limits are statistically correct they may still provide a poor assessment of uncer-
tainty when referring to specific and short prediction periods.

To inspect this issue, we performed an additional experiment for the Arno river by referring to the calibration
period. We first computed the PPP plot in calibration, therefore obtaining an equality line as expected (see
Figure 11). Then, we redrew the PPP plot for 10 non-overlapping subperiods including 731 observations, which
is precisely the length of the validation period. As expected, Figure 11 shows that sampling variability causes
a dispersion of the obtained PPP plots. For the sake of comparison, Figure 11 also shows the PPP plot for the
validation period, which is almost entirely included within the envelop of the calibration PPP plots obtained for
the same sample size. Therefore, Figure 11 shows that the deviation from the equality line that we obtained for
the Arno river in validation may be explained by sampling variability.

About the CPP plot, one should always take into account that the marginal distributions of predicted and observed
data may be incidentally similar even if the prediction is poor. In particular, this may happen when the model
performances in terms of correlation and Nash efficiency are far from satisfactory.

Regarding the case studies presented here it is intersting to note that for both Arno and Sieve rivers the stochas-
tic prediction outperformed the deterministic model by correcting its bias for the various flow regimes. This
outcome confirms that the additional value provided by the S-model is technically useful.
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Figure 9. Combined probability-probability plots for the predictions of the river flows of the Sieve river at Fornacina in calibration (left) and validation (right).

With regard to the confidence band, for the cases presented here, we indeed found that the observations lying
outside the higher and lower confidence limits in validation are often higher than the value of 10% for each
band that one would expect for a confidence level of 80% (see Table 2). Such deviations are expected when the
simulation period is short, even due merely to sampling variability, as illustrated with the Arno river case study.

In technical applications it is important for the user to recognize the cases of “huge uncertainty in uncertainty
assessment”. First, we conclude that an accurate selection of the model calibration period is particularly important
for Bluecat, which is calibrated at each local flow range. It is not possible to provide a general rule for assessing
if a calibration period is long enough, as the answer depends on the type of model, the variability of the modeled
processes, data seasonality and many others. It may be useful to split the available data sample in non-overlap-
ping pieces and perform repeated validation tests to assess whether model performances are stable. The split
sample exercise also allows to infer sampling variability. Second, we suggest that the final model training before
application is carried out by using the largest possible data set and paying particular attention to detect possible
model deficiencies that may not be resembled by the estimated conditional probability distribution of Equation 4.

We would like to discuss further the assumption of stationarity, which may be regarded as a limitation if one
believes that the impact due to a possibly changing climate may be better predicted with a non-stationary approach
(for an extended discussion on this subject see, e.g., Luke et al., 2017; Montanari and Koutsoyiannis, 2014a). We
also note that the conditional distribution given by Equation 4 might be seasonal, although part of the seasonality
features are already incorporated in the D-model (e.g.. a large prediction of discharge would appear during the
rainy. rather than the dry. period). There are many possible solutions for applying Bluecat in a non-stationary
context. We may suggest to first consider a D-model with time varying (perhaps seasonal) parameters under the
assumption that the uncertainty of the non-stationary model is described by a stationary distribution as given
by Equation 4. If one would like to consider a non-stationary uncertainty, then a parametric and non-stationary
distribution (perhaps a PBF distribution with time varying seasonal parameters) may be adopted to describe
uncertainty as described in Section 3.1, by paying particular attention to the increased risk of overparameteriza-
tion that non-stationary models imply. Indeed, exploring the above dependencies in a stochastic framework would
require an extended calibration data set to compensate the uncertainty introduced by additional model complex-
ity. Overall, such modeling choices will unavoidably increase uncertainty and therefore would hardly be advisable
for copying with real-word problems. If the extent of the data set is large enough, in cases justifying a seasonal
approach, partioning the whole data set into seasons is a possible solution to ensure that both the D-model and
Bluecat provide a good fit of seasonality. If a permanent change of the process statistics is detected (e.g., due to
urbanization) it would recommendable to “stationarize™ the data. adapting them to the current conditions and
perform similar adaptations to the D-model. This is similar (albeit opposite) to “naturalization” of data series that
is typically made in cases of river modifications due to dams and so forth.
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Figure 10. Predictive probability-probability plots for the validation of the river flows predictions for the Arno river (left) and the Sieve river (right).

One may wonder what the distinguishing behavior of Bluecat is with respect to the approaches that we previously
proposed (Montanari & Koutsoyiannis, 2012; Sikorska et al., 2015). We first note that Bluecat relies on different
assumptions and procedures. In Montanari and Koutsoyiannis (2012) we adopted a meta-Gaussian distribution
to describe uncertainty of model predictions which were preliminarily transformed to stabilize their variance.
Bluecat, in a similar manner as Sikorska et al. (2015), avoids data transformation as the conditional probability
distribution is automatically defined by the data. Furthermore, in Montanari and Koutsoyiannis (2012) and Sikor-
ska et al. (2015) we accounted for parameter uncertainty at the expense of a more demanding approach for model
calibration and application, which is a concern as in a data assimilation context calibration is to be frequently
repeated. In fact, by avoiding any data transformation and offering a fast calibration, Bluecat allows technical
applications with limited computational requirements and time.

Bluecat indeed shares some similarities with the nearest neighboring method by Sikorska et al. (2015), which
may be also used to correct the D-model bias (see, for instance, Ehlers et al., 2019). However, we note that

Bluecat infers the conditional probability distribution of the true data, while

Sikorska et al. (2015) estimate the conditional probability distribution of
—Validation period the simulation error. Thus, they estimate the prediction uncertainty of the
D-model rather than updating the D-model to the S-model. Therefore Blue-
cat provides a more comprehensive perspective. In view of the above differ-
ences, the user may select the most appropriate approach for the considered
case study, with the awareness that model selection should be tailored to the

-Complete calibration
period
== == Equality line

Additional coloured lines X i i
refer to individual underlying assumptions and operational needs.
calibration subperiods

Although Bluecat has been conceived to be applied to one single model, a
multimodel application would be straightforward. It was already mentioned
in Section 3 that an extension where Q is a vector containing the current and
earlier predictions by the D-model is possible, yet here we study the simpler
scalar version of the model. Likewise, the multi-model case is another possi-
ble vector version of Bluecat, where the vector Q contains the outcomes of
the various D-models.

We believe that the application of Bluecat to the considered case studies
offers encouraging performances for technical applications. Indeed, Bluecat

Figure 11. Sampling variability for the Predictive probability-probability
(PPP) plot of the Arno river in calibration and comparison with the PPP plot
in validation.

does, under a rigorous statistical interpretation and clear assumptions, what
the intuition of a technician would suggest: to correct model predictions and
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estimate their uncertainty by looking at model performances in the simulation of known data. It is a straightfor-
ward and extremely simple concept.

Finally, the end users should be informed that hydrologic modeling, including uncertainty assessment, is always
uncertain and therefore the information provided by the confidence band should be interpreted critically. Never-
theless, this information is tremendously useful: by selecting an appropriate confidence level Bluecat provides the
desired information for an assigned safety level of the prediction.

7. The Bluecat Package

In order to facilitate the application of Bluecat we make available a software working under the R-environment (R
Core Team, 2013) to fit the HyMod rainfall-runoff model and estimate its prediction uncertainty. Model fitting
can be performed by maximizing the Nash-Sutcliffe efficiency using either untransformed data or transformed
with Equation 33, with the option of selecting two different optimization algorithms. Confidence limits can be
defined by estimating empirical quantiles through order statistics or robust estimation (see Sections 3.1 and 3.2).
Assessment of the goodness of fit is performed by plotting the CPP and PPP plots and estimating the Nash-Sut-
cliffe efficiency. The software is accompanied by instructions (to be displayed with the R help function) and data
bases of rainfall and potential evapotranspiration for the Arno and Sieve case studies that have been presented
here. We also include instructions to be used within R to reproduce the case studies and the results we presented
above.

While the package focuses on river flow prediction with HyMod, it can be easily adapted by substituting HyMod
with any deterministic model. In fact, the model routine is isolated into a subroutine, currently written in the
Fortran 95 programming language, that can be quickly replaced.

The software is available for download at the web address: https:/github.com/albertomontanari/hymodbluecat
along with instructions to compile it in R.

8. Conclusions

We introduce here a new method identified with the acronym “Bluecat” for simulating and predicting hydrologic
processes, which is based on the use of a generic deterministic model that is subsequently converted to a stochas-
tic formulation. The latter provides an update of the deterministic prediction along with uncertainty assessment
with a transparent data based approach.

The results of the presented case studies confirm the distinguishing features of Bluecat, its reliability and robust-
ness. In fact, for both case studies the stochastic version of the deterministic model provided an improvement of
the performances of the deterministic model alone, both in calibration and validation. Furthermore, the estimated
confidence band turned out to be informative: even if some uncertainty affected the estimation of coverage prob-
abilities, we provided quantitative tests to verify their reliability. In fact, for both case studies Bluecat improved
the prediction and provided confidence limits with an innovative and rigorous information content for technical
applications.

In our opinion, for its computational efficiency and transparency Bluecat is a step forward for hydrogic modeling
with uncertainty assessment. It is also flexible, as it can work in conjunction with any type of deterministic model
and can be extended to multimodel applications or multiple predictor variables.

In view of technical applications, particular care is to be payed to the reliability and extension of the calibration
data set. In fact, it is usual in hydrology to work in poorly gauged conditions, which may lead to overparametri-
sation, sampling variability and consequent inflation of uncertainty. Although Bluecat has been proven to be
robust, the reliability of the deterministic model calibration should be carefully considered in order to avoid a
“huge uncertainty in uncertainty assessment”. We discussed potential solutions to support operational assessment
of calibration reliability, which should ultimately rely on a careful assessment by end users.

When developing Bluecat and preparing this paper we decided to give high priority to simplicity, transparency,
openness and reproducibility. For this reason we make available a software to support Bluecat operational appli-
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cations and reproduction of the case studies presented here. We are looking forward to interacting with users for
improving the software in an open access and open source context.
Data Availability Statement
The software and data that have been used to develop this work are included in a package working under the R envi-
ronment, that is open source and available for download at: https://github.com/albertomontanari/hymodbluecat.
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The BLUECAT approach and software




Environmental Modelling and Software 188 (2025) 106419

Contents lists available at ScienceDirect

A A
;",‘:‘ ";:\‘J-‘ ‘,J"

Environmental Modelling and Software

¥ s,

ELSEVIER

journal homepage: www.elsevier.com/locate/envsoft

Position Paper

i
L)

for

Uncertainty estimation for environmental multimodel predictions: The e
BLUECAT approach and software

Alberto Montanari *©®*, Demetris Koutsoyiannis "

# Deparment DICAM, University of Bologna, Via del Risorgi 2, Bologna, 40136, Italy
Y National Technical University of Athens, Heroon Polytechneiou 9, Zographou, Athens, 15772, Greece

ARTICLE INFO ABSTRACT

Keywords: An extension of the BLUECAT approach and software for uncertainty assessment of environmental predictions
BLUECAT is presented, allowing the application to multimodel outputs. BLUECAT operates by transforming a point
Uncertainty

prediction provided by deterministic models to a corresponding stochastic formulation, thereby allowing the
estimation of a bias corrected expected value along with confidence limits. In this paper we also propose to
use BLUECAT for model selection in the context of multimodel predictions, by using a measure of uncertainty
as selection criterion. We emphasise here the value of BLUECAT for gaining an improved understanding of the
underlying environmental systems and multimodel combination. Two examples of applications are presented,
highlighting the benefits attainable through uncertainty driven integration of several prediction models. These
case studies can be reproduced through the BLUECAT software, that is available in the public domain along

Prediction confidence band
Multimodel prediction
Stochastics

with help facilities and instructions.

1. Software and data availability

Name of software: Bluecat-R and Bluecat-Python (R and Python
versions, respectively)

Developers: Alberto Montanari and Demetris Koutsoyiannis
Contact: alberto.montanari@unibo.it

Date first available: August 8, 2024

Software required: R statistical environment, Python3 environ-
ment

Program language: R and Python

Source code at: https://github.com/albertomontanari/Bluecat-R
and https://github.com/albertomontanari/Bluecat-Python (R and
Python versions, respectively)

Documentation: Detailed documentation for application installa-
tion, testing, and deployment can be found at https://github.com/
albertomontanari/Bluecat-R/blob/main/README.md and https:
//github.com/albertomontanari/Bluecat-Python/blob/main/REA
DME.md (R and Python versions, respectively). Further informa-
tion is provided by the R help (included in the R version)

Data required for reproducing the case studies presented in the
paper are included in the repository of the source codes as appli-
cation examples

*

Corresponding author.
E-mail address: alberto.montanari@unibo.it (A. Montanari).

https://doi.org/10.1016/j.envsoft.2025.106419

2. Introduction

Uncertainty means lack of deterministic predictability (Anderson
et al., 2001). It is the real reason why managing environmental is-
sues and emergencies has continuously been an essential and difficult
task for humans during their history and evolution (Hughes, 2016).
Uncertainty is due to the complexity, chaotic behaviours and our
limited understanding of several involved processes (Dewulf and Bies-
broek, 2018). Understanding uncertainty is the key to gain a better
comprehension of the involved environmental systems.

In fact, uncertainty of predictions is today recognised as an essen-
tial information for elaborating reliable environmental risk mitigation
and adaptation strategies (White et al., 2021; Sheikholeslami et al.,
2024). Indeed, humans are used to take decisions under uncertainty
in everyday life. However, we also recognise the value of a rigorous
and quantitative approach to uncertainty estimation and communica-
tion, in particular when the risk associated to the decision becomes
relevant (Vose, 2008).

Uncertainty assessment in environmental modelling has been long
investigated and discussed. See, for instance, Koutsoyiannis (2023),
Beven (2018), Refsgaard et al. (2007), Burke et al. (2015), Kim et al.
(2024), Hughes and Lawrence (2024), Liang et al. (2024), Lin et al.
(2024), Plunge et al. (2024) and Auer et al. (2024), to cite only a few.
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The problem is multifaceted, for the diversity of applications, contexts
and available information.

Here, we focus on the general case where environmental variables
are predicted by using one or more calibrated models (multimodel) that
produce one or more point estimations for which uncertainty assess-
ment is needed. In most of those cases, models are deterministic and
process based or data-driven (see, for example, the recent applications
by Gomes Jr. et al. (2024), Imhoff et al. (2024), Zou et al. (2024)
and Jonsson et al. (2024)), but uncertainty assessment may also be
required for the statistics or parameters of stochastic models (see, for
instance, Cappelli et al. (2024)). We also refer to the case where a
sufficiently long record of past outputs from each considered model
is available that can be compared with the corresponding true values,
that are typically derived from observations. Under such circumstances,
uncertainty of model predictions can be assessed by comparing the
predictions themselves with the corresponding reality. Several past
studies (see, e.g., Beven (2016)) have demonstrated that drawing con-
clusions basing on such comparison is not an easy task. Prediction
errors show a diversity of statistical behaviours, arising from several
sources of uncertainty depending on the state of the considered system
and therefore change in time and space.

Accordingly, a variety of approaches to uncertainty assessment have
been proposed by the literature, including (1) data analysis meth-
ods, comprising analytical and statistical procedures for evaluating the
accuracy of data, (2) derived distribution methods to compute the
probability distribution function of the model output, (3) simulation
and sampling-based methods, estimating the full distribution of the
model output via simulation with different models and/or parameters.
The category of the data analysis methods includes, among the others,
statistical approaches (Honti et al., 2013), artificial intelligence (Kabir
et al., 2018) and in particular machine learning (Shrestha and Solo-
matine, 2008). Simulation and sampling methods include multimodel
approaches that are widely applied in environmental sciences (Her-
rmann and Marzocchi, 2023; Slater et al., 2019). In general, methods
for assessing uncertainty are formulated for a single model, but can be
converted to the case of multimodel prediction.

Several data analysis methods are based on the analysis of model
prediction errors, which in most of the cases is performed by using
statistical procedures (see, for instance, Montanari and Brath (2004),
Montanari and Grossi (2008), Montanari and Koutsoyiannis (2012),
Sikorska et al. (2015) and Liang et al. (2024)). Several contributions
have pointed out that these methods are based on assumptions, like
independence and homoscedasticity of model errors, which may be not
satisfied and thus result in wrong uncertainty estimates (Beven, 2019).
Therefore, the use of approaches that extract information directly from
data rather than their statistics may be preferable.

Building on the above considerations, Koutsoyiannis and Monta-
nari (2022a) proposed the BLUECAT approach, a simple, easy-to-use
and transparent methodology to upgrade a deterministic model into
a stochastic one, thereby producing an estimate of the probability
distribution of the true value to be predicted. Therefore, BLUECAT
first upgrades the deterministic prediction into the stochastic expected
value, by essentially operating a bias correction, and then produces
an estimate of the confidence band for the considered variable. A
software working in R-environment for the application of BLUECAT to
predictions given by the HyMod rainfall-runoff model (Boyle, 2000) is
available at https://github.com/albertomontanari/hymodbluecat. The
method has been applied to a number of case studie in the realm of hy-
drology (Jorquera and Pizarro, 2023; Rozos et al., 2022; Koutsoyiannis
and Montanari, 2022b).

Here, we present an updated and more general version of the
BLUECAT approach and software, to allow the application to any
environmental prediction obtained with a single model or a set of
models. In fact, multimodels are increasingly used in environmental
modelling to investigate the possible range of environmental predic-
tions and simulations (see the recent contributions by Mangukiya et al.
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(2024), Wang et al. (2024) and Tu et al. (2024)). Thus, estimating
their uncertainty is emerging as a key issue in environmental modelling
that motivates the effort to remove any assumption on the nature and
number of predictive models (Giustolisi et al., 2007). The present work
discusses the whole set of hypotheses conditioning the application of
BLUECAT to multimodels as well as an extended set of procedures for
testing the validity of the estimated uncertainty measures. The updated
BLUECAT software is provided in two languages - R (R Core Team,
2021) and Python3 (Van Rossum and Drake, 2009).

3. The BLUECAT approach

We discuss here BLUECAT by referring first to the case of a single
model prediction as in Koutsoyiannis and Montanari (2022a). We will
discuss application to multimodel prediction in Section 6.

Let us denote with the symbol Y, the output from a generic de-
terministic environmental model at discrete prediction step r, with
Y, € R. Step r indicates any allocation index of the individual model
output into a set of predictions. We take for given that the true value of
the predicted variable is available, which we denote with the symbol
v.. The first assumption of BLUECAT is that the information contained
in the available samples of Y, and y, is sufficient to support the trans-
formation from the deterministic to the stochastic output, therefore
allowing to estimate uncertainty of the output itself.

The above first assumption does not imply severe limitations in
practical applications. Indeed, most environmental models are cali-
brated and/or can produce hindcasts of the relevant variables. In both
cases, a record of predictions along with corresponding observations is
produced, so that uncertainty can be assessed by comparing the model
output with the corresponding true value.

The target of BLUECAT is to efficiently extract such information
in order to produce a reliable estimate of uncertainty, with the sim-
plest approach possible, by avoiding sophisticated assumptions. In
what follows, we underline stochastic entities (variables, processes
and functions). Variable values, deterministic functions and realisa-
tion of stochastic processes are indicated with non-underlined sym-
bols. Stochastic processes correspond to the real processes, while the
outcome of the deterministic model (D-model) is an estimate thereof.

To update the deterministic prediction Y, to its stochastic form (S-
model), we need to specify the conditional probability distribution:

FyyGIY) = Ply <ylY =Y) )

where y and Y correspond to the same discrete step r and P indicates
probability. Let us note that Y is a scalar, i.e., a model output for a
single prediction step.

Koutsoyiannis and Montanari (2022a) suggested a fully data based
approach to estimate the conditional distribution F,,(y|Y). First, a
sample jy, i = 1,....m + m, + 1 of true values is assembled that
correspond to the sample ¥, of the D-model outputs that are closest
in value to Y, according to:

FyyGIY) = Ply <)Y —AY, <Y <Y +4Y,) ®)

where AY; and AY, are chosen to include a number of lower and upper
neighbours to Y equal to m; := AF;n and m, := AF,n, respectively; n
is the sample size of the available y and Y values. Numbers m; and m,
should not be too large, in order to ensure that Fy(Y) + AF, , is close
to Fy(Y), nor too small, to ensure that the probability

P {Z SYIFy(Y)=m/n < Fp(Y) < Fyp(Y) + m“/n)} (3)

can be estimated from the sample y,. Note that it may not be possible to
collect the desired sample size of model output for the extreme values
of the prediction, for which enough lower or higher model outputs
may not be available, so that the numbers m, and m, should be ad-hoc
reduced. This solution is adopted in the BLUECAT software. Here, we
adopt m; = m, = m and therefore the resulting sample size of j, is 2m+]1.
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Fig. 1. Schematic of the BLUECAT workflow and software. The deterministic model
(D-Model) is transformed to the stochastic model (S-model) by a stochastic analysis
of the D-model predicted data in calibration versus the corresponding observations.
The painting in the upper right is cropped from the picture available at https://www.
flickr.com/photos/cizauskas/36142084534/ of the Andy Warhol exhibition at the High
Museum, Atlanta, Georgia, USA (CC BY-NC-ND 4.0).

From the probability distribution given by (3) one can easily esti-
mate the mean value (alternatively the median which may be more ro-
bust against outliers) which gives the S-model prediction, and quantiles
corresponding to assigned probabilities, which may be used to define
the confidence band of the S-model prediction for given confidence
level.

In the BLUECAT software we estimate quantiles through order
statistics or, in alternative, a robust approach based on the concept of
knowable moments (K-moments, see Koutsoyiannis (2019, 2023)). The
approach is presented with full details in Koutsoyiannis and Montanari
(2022a), to which the interested reader is referred to. Note that for both
order statistics and K-moments the minimum and maximum quantiles
that can be estimated are min(y;) and max(y,), respectively. If one needs
to extrapolate quantiles for arbitrary probabilities, a parametric rela-
tionship for F,y(y|Y) should be adopted. For instance, Koutsoyiannis
and Montanari (2022a) fitted a local linear regression between Y and y
to extrapolate quantiles beyond the lowest and highest values in ;. In
the BLUECAT software we use the approximation Fy‘“',( ¥|Y) = min(y),
YY < min(Y;) and F)_‘;(yl}’) = max(§,), VY > max(Y,), where ¥, is the
sample of predicted data corresponding to j;.

A schematic of the BLUECAT workflow is presented in Fig. 1.

4. BLUECAT testing

The BLUECAT software includes procedures for testing the reliabil-
ity of the estimated confidence bands against observed values of the
variable to be predicted. Let us point out that the true values y_ should
necessarily fall with probability 1 — a within the confidence bands
estimated for significance level a. It follows that a first opportunity
to check the BLUECAT output is simply to count the percentage of
true values lying within (or outside) the confidence band. This check
is automatically performed by the BLUECAT software.

Moreover, the above percentage should necessarily be independent
of the value of y_, namely, the number of true values within the confi-
dence bands should not change for different values of y,. Koutsoyiannis
and Montanari (2022a) propose two graphical methods to check the
reliability of the BLUECAT output at local scale along the whole range
of predicted variables: the “Combined Probability-Probability” (CPP)
plot and the “Predictive Probability-Probability” (PPP) plot, which are
drawn by the BLUECAT software provided the testing flag is set to
“true” (see Section 7).

The CPP plot essentially compares the probability distributions of a
set of observed and predicted data. It is described in detail by Kout-
soyiannis and Montanari (2022a) to which the interested reader is
referred to.
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F,(z)

Fig. 2. Predictive probability-probability plot. Segments A and B provide a measure
of the excess percentage of observations lying below the lower and above the upper
confidence limit, respectively, for significance level of 20%..

Source: Reproduced from Koutsoyiannis and Montanari (2022a).

4.1. Predictive Probability-Probability plot (PPP)

We discuss here the PPP plot to further support, with additional
considerations, its use for testing the reliability of the uncertainty
assessment provided by BLUECAT. The PPP plot was first introduced
by Laio and Tamea (2007) and then discussed by several authors,
including Eslamian (2014). The plot was referred to with different
terms in previous studies. PPP is a plot of the empirical distribution
function F.(z) of a stochastic variable z, where the latter also is a
conditional non-exceedance probability, namely

Zy = Fyy (). 4

One notes that z is the distribution function of the observed values
evaluated for any prediction. Such probabilities are regarded as inde-
pendent and identically distributed with uniform distribution in [0,1].
To check such condition, for each prediction Y, we look at the corre-
sponding sample j;, and compute the sample frequency of the value y_,
that is evaluated by using the Weibull plotting position in the BLUECAT
software. To check whether z, is uniformly distributed the PPP plot
displays its values against the corresponding sample frequency. If the
plot lies over the identity line then we can conclude that the confidence
band is reliably estimated for any value of Y,.

Specifically, a shape of the validation curve above or below the
equality line indicates overprediction and underprediction, respec-
tively, while a shape above (below) the equality line in the first part of
the diagram and below (above) the same line in the second part means
that the band is narrow (large). Fig. 2 provides a graphical overview
of the above features. Furthermore, the departure of the PPP plot from
the equality line provides a measure of the reliability of the confidence
band for a given confidence level. For instance, for a confidence level of
0.8 one would expect about 10% of the observed points lying below and
10% lying above a reliably estimated confidence band. Then, if we refer
to the blue line in Fig. 2 that is an example of a narrow band, segments
A and B provide a measure of the excess percentage of observations
lying below the lower and above the upper confidence limit.

5. Summary of the BLUECAT assumptions, limitations, and op-
tions

Model building is inevitably based on assumptions. They do not
undermine the efficiency and credibility of approaches, but rather
allow their application to rigorously defined contexts. More than that,
assumptions allow researchers to gain an improved understanding of
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natural processes. They are unavoidably needed to set up and test
models, but they need to be discussed transparently and, when possible,
checked through rigorous testing. For these reasons, we believe it is ap-
propriate the summarise in the following 4 items the main assumptions
of BLUECAT:

1. The statistical behaviours of the stochastic processes describ-
ing the modelled variables do not change in the application
phase with respect to calibration. This assumption can be re-
laxed by using D-models accounting for changes, for instance
non-stationary models (Koutsoyiannis and Montanari, 2022a,b).

2. The calibration data set is extended enough to ensure that suf-
ficient information is available to upgrade the D-model into the
S-model.

3. The difference between the model output and the corresponding
true value quantifies in an aggregated form all types of uncer-
tainty, including uncertainty due to input data and parameters,
model structure and so forth.

4. The information needed to assess predictive uncertainty at each
prediction step is synthesised by the value of the model predic-
tion.

The implications of the above assumptions determine the limitations
of the approach. Regarding the first assumption, in the presence of
changes in the stochastics processes the uncertainties estimated in
calibration may differ with respect to application. Particular attention
should be paid to the sample size of the calibration data set. Uncertain-
ties estimated over a limited amount of information may not be reliable.
The information requirements depend on the local application and con-
text, and in particular the statistical behaviours of data and predictive
uncertainty. Therefore, the minimal sample size required for reliably
assessing uncertainty should be evaluated through expert opinion, case
by case. Particular care should be paid when estimating uncertainty
for predictions outside the range of calibration data. The information
supporting BLUECAT testing should also be carefully evaluated. The
software automatically includes warnings when testing is performed
against a data set including less than 20 points.

The implication of the last assumption is that BLUECAT provides
the same estimate for identical values of model predictions, regardless
of other conditions, for instance related to the state of the system,
which may impact model reliability. Eventually, the assumption may
be removed by conditioning the probability distribution Fy(y|Y) at the
left hand side of Eq. (1) to additional variables besides Y at the right
hand side (for instance, see Koutsoyiannis and Montanari (2022b)).
Such potential for further research and extension of BLUECAT is an
interesting opportunity to further increase the information content of
environmental predictions.

6. BLUECAT application to multimodel prediction

While any uncertainty assessment method for single models can
potentially be extended to the multimodel case, actually such extension
introduces additional research questions related to (a) how to com-
bine the predictions of different deterministic models and (b) how to
estimate uncertainty for the obtained combination.

Question (a) is addressed by a diverse set of approaches in envi-
ronmental sciences. Examples are ensemble averaging (Marmion et al.,
2009; Grenouillet et al., 2011) and Bayesian algorithms (Tebaldi and
Knutti, 2007). Unweighted averaging of multimodel predictions is fre-
quently used, thus loosing part of the information conveyed by singular
models that may significantly diverge and implying a smoothing effect,
that reduces the internal variability of the signal.

In BLUECAT, we propose to use uncertainty of the considered model
estimated at each prediction step as a criteria to select the optimal en-
semble member. Accordingly, a single model prediction corresponding
to the least uncertain ensemble member, that is identified through a
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proper measure, is picked up at each prediction step, thereby allowing
the identification and use of the supposedly best performing model in
the specific context and system state.

A key step of the above procedure is the identification of the proper
uncertainty measure U_, for S-model k at prediction step r, which
depends on model type and intended use. We tested several different
options, that were identified in coherence with the BLUECAT aim of
seeking flexibility and simplicity, and finally included in the BLUECAT
software the following 6 measures:

Urk = Yeku = Yokl (5
Uk = 1Vepu = Yer )/ Yes| (6)
U =Yeip = Yepsl 7
U = 1Xekp = Yers)/ Yens| 8
Ux=NE.p ©)
Ur = SAE 4 p (10)
where Y, , — Y, , are the upper and lower confidence limits for the

prediction Y, , ¢ by S-model k, Y,, , is the prediction by D-model
k, and NE_;, , and SAE,, , are the Nash-Sutcliffe efficiency (Nash
and Sutcliffe, 1970) and sum of absolute errors, respectively, of the
prediction by D-model & of the sample of true values y; identified at
each prediction step r (see Section 3).

We found that Eq. (5) may be indicated for applications where the
variability of Y is relatively limited. The BLUECAT software reports
back which model has been used at each step r thus allowing to test
the different options. Fig. 3 shows a sketch of the uncertainty based
step-by-step model selection procedure.

More rigorous methods for estimating U, may be applied based
on the estimate provided by BLUECAT of the conditioned probability
distribution F,;y(y|Y). Interested users are welcome to update the
BLUECAT software (see Section 7) with additional options.

7. The BLUECAT software

The BLUECAT software is available in the R and Python3 versions
(see section ‘Software and data availability’). The R software installs a
R function requiring the arguments listed below. The Python3 software
runs as a stand alone code, reading the same arguments, settings and
input data from text files. Additional details on file format, installation
and running the software are given in the R help, README files of
R and Python3 versions and examples of application provided for
both versions, which allow to reproduce the case studies presented in
Section 8.

The user needs to specify the following arguments (acronyms and
variable names are those used in the software):

resultealib, real values, list in the R version, matrix in the Python3
version, providing the predicted and observed data, for each
considered model, to be used for calibrating BLUECAT;
modelsim, matrix of real values, providing the D-model output for
which uncertainty is to be assessed, for each considered model;
nmodels, integer value, the number of models considered in the
multimodel approach. Default is 1;

uncmeas, integer, 1,...,6 for using the uncertainty measure given
by Egs. (5), (6), (7), (8), (9) and (10), respectively, in the multi-
model approach. Default is 2;

predsmodel, character, “avg” (default) or “mdn” for adopting the
average value or the median of the sample as S-model prediction;
empquant, logical value, T or F (default) for estimating empirical
quantiles with sample statistics or K-moments;
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Fig. 3. The multimodel BLUECAT uncertainty based, step-by-step model selection.

« siglev, real value, significance level of the estimated confidence
bands; default value is 0.2;

m, integer, the number of predicted (and corresponding observed)
data points lower and higher than each model output that are
used to build the sample of observations to support uncertainty
estimation. Default is 100;

my, integer, the number of K-moments used for the robust estima-
tion of quantiles. Default is 80;

paramd, vector of 4 real numbers, the initial values for the param-
eters of the PBF distribution, default is (0.1,1,10,NA);
lowparamd, vector of 4 real numbers, the lower values for the
parameters of the PBF distribution, default is (0.001,0.5,0.001,0);
upparamd, vector of 4 real numbers, the upper values for the
parameters of the PBF distribution, default is (1,5,20,NA);

qoss, vector of real values, observed data corresponding to mod-
elsim. Default values is NULL for no data available. In this case
confidence bands are computed, basing on the calibration data,
but results are not tested;

plot flag, logical value, T (default) or F for performing or not the
goodness of fit testing with plots;

cpptresh, real value, threshold level indicating the minimum value
of observed data to be used for the goodness of fit tests. Default
is the minimum of observed and predicted data.

The above options are specified in the R command line invoking the
bluecat.sim R function, or the file settings.txt in the Python3 version.
The interested user may refer to the R help and README files of R and
Python3 versions for a step-by-step guidance to the installation of the
software and reproduction of the case studies.

Computational time for the applications presented here is few sec-
onds with an Intel Core i7-9700 CPU at 3.00 GHz and 16 GB RAM under
the Linux operating system.

8. Examples of application

We present here two examples of uncertainty estimation with BLUE-
CAT, that refer to a single model and a multimodel prediction, respec-
tively.

8.1. Single model prediction of tree ring width

Franke et al. (2021) considered predictions by a single model
of temperature-sensitive chronologies of standardised tree ring width
(TRW) for the period 1401-2000. The predicted series were gridded
and averaged over the Northern Hemisphere to reduce local noise, thus
obtaining one simulation average at annual resolution, including 600
data points. Corresponding observed data were gridded and averaged

in the same way. See Franke et al. (2021) for more details on data
and standardisation, in particular Fig. 5 in their contribution. Their
work supported a detection and attribution study of climate variations
due to volcanic forcing. Prediction of TRW was obtained by applying
the Vaganov-Shashkin Lite (VSL) sensor model, which estimates stan-
dardised tree-ring width (TRW) annual chronologies based on monthly
mean temperature, precipitation and latitude. More details and the data
herein used are given by Franke et al. (2021) to which the interested
reader is referred to. Here, we limit our analysis to uncertainty assess-
ment of the predicted and normalised TRW by comparing them with the
corresponding observed values. Franke et al. (2021) report a correlation
coefficient between observed and predicted series of 0.23, so the width
of the estimated confidence band is expected to be large, in order to
include the expected percentage of observed points. We point out that
the target of Franke et al. (2021) was not to reproduce the observed
data with the highest accuracy, but rather to filter the observed series
to eliminate noise. Thus, uncertainty is indeed expected to be large,
with the width of the confidence band indicating the magnitude of the
noise that was removed.

We applied BLUECAT and goodness of fit tests by computing quan-
tiles with K-moments (empquant = F), significance level (siglev) 0.2, m =
50, m; = 40 and default values for the remaining options. BLUECAT was
calibrated against the first 400 data points (1401-1800) and validated
over the last 200 (1801-2000).

Results are summarised in Figs. 4 and 5. The percentage of vali-
dation points lying above and below the confidence bands are 3.1%
and 2.5%, respectively, namely, lower than the expected values (10%).
This means that the width of the confidence band is slightly overesti-
mated, probably in view of the approximations introduced by the low
value of m and the reduced sample size of the calibration data set.
Overestimation of the confidence band width is confirmed by the PPP
plot. According to our experience and testing, the above results look
satisfactory in a validation experiment over a limited sample size.

8.2. Multimodel prediction of daily river flows

Koutsoyiannis and Montanari (2022a) presented a calibration and
validation experiment for BLUECAT that considered the 1-step ahead
prediction of daily river flows for the Arno River at Subbiano. The D-
model is HyMod (Boyle, 2000), which was calibrated by maximising
Nash-Sutcliffe efficiency. The data of mean areal daily rainfall (es-
timated from raingauge observations), evapotranspiration (estimated

from temperature data) and river flow span the 22-year period 1992-2013.

We used the first 20 years for HyMod and BLUECAT calibration and
the last two years for validation. The Nash-Sutcliffe efficiency of the
HyMod D-model is 0.63 in calibration and 0.57 in validation. The S-
model efficiency in validation is 0.62, with an overestimation of low
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Fig. 4. Case study of tree ring widths. Scatterplot of observed versus predicted
data and confidence band at the 80% confidence level, in validation, as provided
by the BLUECAT software. Data are standardised and temperature sensitive tree-
ring chronologies averaged over the grid boxes considered by Franke et al. (2021)
(nondimensional).
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Fig. 5. Case study of tree ring widths. Predictive probability-probability plot (PPP)
as provided by the BLUECAT software. The validation curve is displaced below the
equality line in the first part of the diagram and above the same line in the second
part, thus indicating that the band is slightly large (see also Fig. 2).

flows and confidence bands that are slightly narrow. Table 1 reports
the percentage of observations lying outside the confidence limits,
which are in fact higher than the value of 10% - for each limit —
that one would expect for the confidence level of 80% that was used
here. Extended details on model and catchment, as well as calibration
and validation results, are provided by Koutsoyiannis and Montanari
(2022a). In what follows, we term the above application of the HyMod
model as “D-model 1.

Here, we consider an additional version of HyMod with a different
parameter set (“D-model 2”), that is obtained by using the mean
absolute relative error instead of the Nash-Sutcliffe efficiency as ob-
jective function for HyMod calibration. D-model 2 efficiency is 0.68 in
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calibration and 0.61 in validation, namely, sligthly better performances
with respect to D-model 1. S-model 2 efficiency in validation is 0.63,
again a slightly improvement with respect to S-model 1.

We also consider a third model for the Arno River at Subbiano (“D-
model 3”), namely, the GR5J model (Perrin et al., 2003; Le Moine,
2008; Coron et al., 2017), counting 5 parameters and calibrated by
maximising Nash-Sutcliffe efficiency. D-model 3 efficiency is 0.82 in
calibration and 0.73 in validation, while S-model 3 efficiency in vali-
dation is 0.75. These performances mark an improvement with respect
to S-model 1 and 2. Percentage of observations lying outside the
confidence limits for the 3 S-models in validation are reported in Table
I

We applied the multimodel BLUECAT and goodness of fit tests by
computing quantiles with K-moments (empquant = F), significance level
(siglev) 0.2, 5 different combinations of parameters m, ranging from 20
to 100, and m,, ranging from 10 to 80. We also used the two uncertainty
measures given by Eqgs. (6) and (9), and default values for the remaining
options. Different combinations of parameters m and m; allow us to test
the sensitivity of BLUECAT output.

Multimodel efficiency in validation is 0.65 and 0.74, for the uncer-
tainty measures by Eqgs. (6) and (9), respectively, and the combination
of parameters m = 100, m; = 80. Table 1 reports the percentage of
observations lying outside the confidence limits for both multimodel
solutions. S-model 1, S-model 2, and S-model 3 were selected as least
uncertain model in 21%, 7% and 72% of the validation steps, respec-
tively, for uncertainty measure by Eq. (6), and 37%, 7% and 56% of
the validation steps, respectively, for uncertainty measure by Eq. (9).

It is interesting to note that the performances of the multimodel
solution, in terms of Nash-Sutcliffe efficiency and percentage of ob-
servations lying outside the confidence limits, are not necessarily im-
proved with respect to the best performing single model, that is, GR5J.
This result is expected, as the multimodel is the composition of the
least uncertain model at each prediction step, according to a given
uncertainty measure. Such composition does not necessarily lead to an
improvement with respect to the best performing model in terms of
Nash-Sutcliffe efficiency and number of observations encompassed by
the confidence bands for the overall simulation. In fact, these are two
different performance indexes with respect to the uncertainty measure
that has been used to compose the multimodel. Not surprisingly, when
the uncertainty measure given by Eq. (9) is used, that is, the Nash—
Sutcliffe efficiency in the prediction of the sample of true values
identified at each prediction step r, we obtain an overall efficiency for
the multimodel that is close to the best efficiency obtained by the GR5J
model.

The above reasoning highlights the fundamental role of the un-
certainty measure in multimodel selection, that should be chosen by
bearing in mind the purpose of the application, to make sure that
models are mixed with an optimal solution from a technical point of
view.

Furthermore, we note from Table 1 that the performances of BLUE-
CAT, in terms of percentage of observations lying outside the confi-
dence band, are not much sensitive to parameters m and m,. This means
that uncertainty assessment looks reliable even when the probability
distribution given by Eq. (3) is estimated over a limited data sample.
This result is particularly relevant when assessing uncertainty in regions
of the prediction domain with few observed data points (like, for
instance, the region of peak flows). However, we noticed that the
confidence band looks less regular and more fluctuating when working
with low m values, for the obvious reason that estimation variance
is larger. For this reason we would like to reiterate that particular
care should be paid when working with limited data samples and
in particular when estimating uncertainty for predictions outside the
range of calibration data (see also Section 5).

Figs. 6 and 7 show the estimated confidence band for the time win-
dow October 26, 2012-December 31, 2013 of the validation period and
the two selected uncertainty measures. Lower and upper confidence
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Fig. 6. Case study of Arno River at Subbiano. Results of the step-by-step model selection for the time window October 26, 2012-December 31, 2013 of the validation period and
uncertainty measure given by Eq. (6). Lower and upper confidence limits, and the confidence band between them, are marked at each prediction step with the same colour: red,
blue and green when band is estimated by S-model 1, S-model 2 and S-model 3, respectively.
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Fig. 7. Case study of Arno River at Subbiano. Results of the step-by-step model selection for the time window October 26, 2012-December 31, 2013 of the validation period and
uncertainty measure given by Eq. (9). Lower and upper confidence limits, and the confidence band between them, are marked at each prediction step with the same colour: red,
blue and green when band is estimated by S-model 1, S-model 2 and S-model 3, respectively.

limits, and the confidence band between them, are marked at each
prediction step with the same colour: red when band is estimated by
S-model 1, blue for S-model 2 and green for S-model 3. It is confirmed
that S-model 3 is selected for most of the prediction steps.

Fig. 8 displays the PPP plots for S-model 1, S-model 2 , S-model
3 and S-multimodel with uncertainty measure given by Eq. (9). Fig.
9 shows the scatterplot of observed versus predicted by the same
S-multimodel river flows, along with confidence limits at the 80%
confidence level, in validation.

The results further confirm that the uncertainty measure plays a
relevant role for model selection. However, a careful inspection of the
simulation results presented in Figs. 6 and 7 revealed that there is no
large difference between the two multimodels in the magnitude of the
prediction at each time step 7.

Table 1

Percentage of observations lying outside the 80% confidence limits for the multimodel
case study of the Arno River at Subbiano. Band was estimated with K-moments.
Subscripts « and / refer to upper and lower limit, respectively.

mom, Sl Y) s3 SM1 SM2
% % % % % % % % %,

u

100, 80 16% 15% 19% 11% 11% 14% 11% 17% 15% 17%
80, 60 16% 15% 19% 10% 12% 16% 11% 19% 15% 17%
60, 40 16% 15% 19% 10% 11% 15% 12% 19% 14% 17%
40, 20 16% 16% 20% 11% 11% 15% 12% 19% 14% 17%
20, 10 16% 15% 20% 11% 12% 17% 14% 19% 13% 17%
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for S-model 1, S-model 2 and S-multimodel with uncertainty measure given by Eq. (9)
in validation provided by the BLUECAT software.
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Fig. 9. Case study of Arno River at Subbiano. Scatterplot in logarithmic scale of ob-
served versus predicted data and confidence band for the multimodel with uncertainty
measure given by Eq. (9).

9. Conclusions

We present here an extension of the BLUECAT method allowing
uncertainty assessment for the output from a single or multiple cali-
brated deterministic models. The new version of the method is suited
for assessing reliability of environmental predictions and quantify-
ing their uncertainty, which is particularly important for providing
vital information to decision makers and managing environmental
emergencies.

BLUECAT transforms the deterministic model — or multimodel -
into a stochastic formulation, basing on assumptions that are not par-
ticularly restrictive which are discussed in Section 5. If a multimodel
application is considered, BLUECAT selects at each prediction step the
optimal ensemble member by identifying the solution corresponding to
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the minimum of a suitable uncertainty measure. Therefore, BLUECAT
can be applied to combine different models to ensure that uncertainty
is minimised in dependence of the state of the system.

A software is made available in the public domain for the swift
application of BLUECAT in the R and Python environments (see Sec-
tions ‘Software and data availability’ and 7). The software comes with
data and help facilities to allow reproduction of the case studies herein
presented. We note that calibration of the deterministic models and
BLUECAT implies optimisation procedures and therefore the repro-
duced results may slightly differ with respect to what is presented
here.

We recommend that BLUECAT application is carried out by bearing
in mind the underlying assumptions and limitations presented in Sec-
tions 5 and 6. In particular, the sample size of the data set that is used
to assess uncertainty and the uncertainty measure that is used for model
selection in multimodel applications should be carefully evaluated by
taking into account the behaviours of the predicted variables and the
target of the analysis. These issues necessarily have to be evaluated on
the basis of expert knowledge and dialogue between researchers, policy
makers and end users.

We would like to emphasise that BLUECAT delivers insights on the
performances and weaknesses of the underlying deterministic models,
therefore providing valuable support for improving our understanding
of environmental systems and model accuracy. Recognising and assess-
ing uncertainty is not only providing an essential support to policy
makers and agencies in charge of civil protection: it also delivers key
information towards the improvement of environmental knowledge and
predictions.
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