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2. Abstract 

The accurate and reliable simulation of oil spills and, in general, of contaminant dispersion at sea strongly 

depends on the realistic reconstruction of ocean dynamics, with particular focus on marine currents. Therefore, 

the quality of velocity fields (and turbulent parametrizations) derived from remote sensing measurements 

and/or numerical models is crucial when dealing with advection/diffusion problems. Integrating these data 

sources can leverage the strengths of different approaches, reducing the intrinsic flaws of each method alone 

(e.g., data gaps for measurements, model uncertainties for numerical simulations). 

In particular, sea surface current observations from the high-frequency (HF) radar array deployed in the Gulf 

of Trieste can be assimilated into general circulation models to improve their accuracy. In this study, we used 

an “indirect” approach, with the aim of smoothing the assimilation update: the information obtained from 

measurements is propagated to the model via the atmospheric forcing by estimating the wind stress that drove 

the observed currents, rather than by directly modifying the velocity fields. Then, the updated wind forcing is 

applied to the model. 

Two methods are outlined in the present report: the first one follows a physics-driven path, searching for 

solutions to the equations that relate wind to currents, and then performing a classic data assimilation scheme 

to update the atmospheric forcing. The second one is based on novel machine learning techniques, by finding 

relationships between wind and currents directly from the available data, both synthetic (from simulations) 

and observational (from HF radars). 

The assimilated wind forcing will be then fed into the model, with the goal of improving its skill in terms of 

describing and forecasting the circulation in the Gulf of Trieste, with impacts on many applications, the most 

straightforward being better capabilities for tracking oil spills or other transported contaminants. 
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4. HFR surface currents assimilation to improve model skill 

4.1 Estimating wind stress from observed marine currents 

4.1.1 Motivation 

Data assimilation is a technique adopted to modify the trajectory of a model, meant as a mathematical 

description of reality, by incorporating observations and trying to get as close to them as possible, while also 

keeping the model dynamical evolution. 

The aim of this work is to assimilate the information contained in measured sea surface currents into an 

oceanographic model. However, instead of directly assimilating the current velocity, the objective here is to 

estimate the wind forcing that drives the observed currents and then update the atmospheric fields that are fed 

into the numerical model. This should, on one hand, "smooth out" the assimilation effect, as the new 

information is passed to the simulated fields indirectly via the wind forcing; furthermore, the model internal 

dynamics transfer the information from the surface to the ocean interior, a task otherwise to be implemented 

in the assimilation method. On the other hand, this approach could also be potentially way less expensive in 

terms of computational costs, since some assimilation techniques, when applied to large and complex models, 

are very computationally demanding. 

4.2 Physics-driven assimilation in the Gulf of Trieste  

4.2.1 Navier-Stokes equations and simplifications 

In physical oceanography, the equations of motion are made of a set of partial differential equations (Navier-

Stokes (NS) equations [1]): 

(
𝜕

𝜕𝑡
+ 𝑉 ⋅ ∇ + 𝑓 ∧) 𝑉 = 𝑔 −

1

𝜚
∇𝑃 + ∇ ⋅ (𝜈∇ 𝑉) 

with 𝑉  =  𝑢𝑥  +  𝑣𝑦  +  𝑉𝑧 𝑧 velocity field, 𝜚 density, 𝑓 Coriolis parameter, 𝑔 gravitational acceleration, 

𝑃 pressure and 𝜈 kinematic viscosity. These equations are coupled with the continuity equation (for 

uncompressible flows) and the equations of state for temperature and salinity (to close the system). Once 

initialized and subjected to appropriate boundary conditions (at the surface, bottom and sides), these equations 

describe the evolution of the flow field in a geophysical context. 

In the Gulf of Trieste, the NS equations can be simplified by means of a scale analysis: given the typical values 

for the quantities involved, some terms of the equations can be neglected. By assuming the hydrostatic balance, 

the vertical velocity component is set to zero; as for the horizontal scale, by neglecting the advective term 

(approximately one order of magnitude smaller than the time derivative) and the horizontal components of the 

diffusive term, one obtains: 

(
𝜕

𝜕𝑡
+ 𝑓 ∧) 𝑉ℎ = −

1

𝜚
∇𝑃 +

𝜕

𝜕𝑧
(𝜈

𝜕

𝜕𝑧
 𝑉ℎ) 

By invoking the geostrophic balance, the velocity is decomposed in a constant, vertically uniform component, 

which balances the pressure gradient with the Coriolis force, resulting finally in: 

(
𝜕

𝜕𝑡
+ 𝑓 ∧) 𝑉ℎ =

𝜕

𝜕𝑧
(𝜈

𝜕

𝜕𝑧
 𝑉ℎ) 
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4.2.2 Unsteady Ekman equation: analytical solution 

By defining 𝑤  ≐  𝑢  +  𝑖𝑣 the system reduces to a single partial differential equation, akin to the widely studied 

heat equation: 

(
𝜕

𝜕𝑡
+ 𝑖𝑓) 𝑤 =

𝜕

𝜕𝑧
(𝜈

𝜕

𝜕𝑧
𝑤) 

To close the problem, initial conditions (ICs) and boundary conditions (BCs) are required: for the former 

𝑤(𝑧,  𝑡 = 0) = 𝑤0(𝑧) while for the latter 𝑤(𝑧 = −ℎ, 𝑡) = 0 (no-slip condition at the bottom) and 
𝜕

𝜕𝑧
𝑤(𝑧 = 0, 𝑡) =

1

𝜚𝜈
𝜏(𝑡) (wind stress 𝜏(𝑡) = 𝜏𝑥(𝑡) + 𝑖𝜏𝑦(𝑡) forcing the sea surface). 

A final approximation consists of assuming that the kinematic viscosity is uniform along the vertical 

dimension: 𝜈(𝑧) = 𝜈. This is the same assumption made by Ekman [2] to derive his relationship between wind 

stress and currents in the surface boundary layer in steady conditions: the obtained equation is a non-stationary 

extension to the same problem. 

Given the analogy to the heat equation, the solution strategy is borrowed from the extensive theory developed 

for it (see, for example, [3]): the complex velocity field is split into two terms 𝑤  =  𝑤1 + 𝑤2, the first solving 

the problem for the given initial conditions and setting the boundary conditions to zero, the second solving 

with the given BCs and setting the ICs to zero. 

By separation of variables, the equation for 𝑤1 is readily solved: 

𝑤1(𝑧,  𝑡)  =   ∑ 𝐴𝑛 cos(𝑘𝑛𝑧) exp(−(𝑖𝑓 + 𝑣𝑘𝑛
2)𝑡)

∞

𝑛=0

 

with 

𝐴𝑛 =
1

ℎ
∫ 𝑤0(𝑧) cos(𝑘𝑛𝑧) 𝑑𝑧

0

−ℎ

,  𝑘𝑛 =
𝜋

2ℎ
(𝑛 +

1

2
) 

As expected, if the viscosity is zero the formula reduces to inertial oscillations, with frequency equal to the 

Coriolis parameter. 

The equation for 𝑤2, instead, can be solved following a procedure similar to [4], except that here the bottom 

depth is finite; in this regard, this equation is a particular case of the classification presented by [5]. 

By applying a Laplace transform from the time domain to the frequency domain the equation becomes 

(𝑠 + 𝑖𝑓)𝑤̃ = 𝜈 (
𝜕2

𝜕𝑧2
𝑤̃) 

Imposing the boundary conditions, we obtain the solution in the frequency domain as: 

𝑤̃ = 𝐺𝜏̃̃ =
1

𝜚𝜈𝑞

sinh(𝑞(𝑧 + ℎ))

cosh(𝑞ℎ)
 

with 

𝑞 = √
𝑠+𝑖𝑓

𝜈
. 
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The solution in the time domain is therefore a time convolution of the wind stress with the transfer function 

𝐺(𝑧, 𝑡)that, from inverse Laplace transform as in [6], is equal to 

𝐺(𝑧, 𝑡) =
1

𝜚ℎ
exp(−𝑖𝑓𝑡) 𝜃1 (

𝑧 + ℎ

2ℎ
;

𝜈𝑡

ℎ2
)

=
2

𝜚ℎ
∑(−1)𝑛 exp (− (𝑖𝑓 + 𝜈 (𝑛 +

1

2
)

2

(
𝜋

ℎ
)

2

) 𝑡) sin (𝜋 (𝑛 +
1

2
)

𝑧 + ℎ

ℎ
)

∞

𝑛=0

 

where 𝜃1(𝑎, 𝑥)is the first Theta function [6]. 

To check against the Ekman stationary limit, constant wind stress 𝜏(𝑡) = 𝜏0  (1 +  
𝑖

2
) is considered. This 

gives, convolving it with the transfer function: 

lim
𝑡→∞

𝑤(𝑧 = 0, 𝑡) =
2𝜏0

𝜚ℎ
∑

1 − exp(−(𝜔𝑛 + 𝑖𝑓)𝑡)

𝜔𝑛 + 𝑖𝑓

∞

𝑛=0

⟶
2𝜏0

𝜚ℎ
∑

1

𝜔𝑛 + 𝑖𝑓

∞

𝑛=0

 

with 𝜔𝑛 = 𝜈 (𝑛 +
1

2
)

2
(

𝜋

ℎ
)

2
. 

Figure 1 shows this asymptotic behaviour as a function of the bottom depth; for deep waters the angle between 

the wind stress and the surface currents (lower panel) reaches 45° to the right, as expected from the infinite 

depth theoretical formulation by Ekman. The values adopted are reported in Table 1. 

Table 1 – Values adopted for the asymptotic behaviour of the solution 

𝝂 
m² s⁻¹ 

𝝔 
kg m⁻³ 

𝒇  
s⁻¹ 

𝝉𝟎 
N m⁻² 

𝒉  
m 

1.0·10⁻² 1.0·10³ 1.0·10⁻⁴ 1.6·10⁻¹ 2.0 ÷ 100.0 
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Figure 1 – Asymptotic behaviour of wind-driven surface currents velocity and direction 

 

We performed a comparison between the analytical result and an idealized numerical simulation obtained by 

using the MITgcm [7] model. The simulation was set up in a double periodic box, with horizontal extension 

and resolution approximately equal to the operational forecasting system running in the Gulf of Trieste 

(https://medeaf.ogs.it/got). We imposed a flat bathymetry (25 m deep), uniform vertical viscosity (set to 

5·10⁻³ m² s⁻¹) and initial conditions with null velocity. The simulation was run with the full Navier-Stokes 

equations in a non-hydrostatic configuration; therefore, it explicitly considers the terms neglected in the 

previous derivation by scale analyses arguments. Atmospheric forcings were realistic, obtained from weather 

forecasts, except for the wind, set as a constant, uniform value of 11.5 m s⁻¹ westerly. 

Figure 2 shows the results, comparing the topmost (0 to 0.5 m) layer's velocities: the solid line represents the 

numerical model solution, averaged over horizontal blocks of around 1.5 km, representing the HF radar 

resolution. Some discrepancies are noted, with instabilities due to vertical shear present in the MITgcm 

simulation, but most of the dynamics is captured by the unsteady Ekman model, confirming its usefulness in 

estimating the sea surface response to wind stress. 

  

https://medeaf.ogs.it/got
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Figure 2 ­– Time evolution of the surface solution of wind-driven currents from numerical and 

analytical models 

 

4.2.3 4D-Var 

Given this analytical, yet approximate, result, it could be possible to obtain an estimate (analysis) of the wind 

stress field starting from a background information (e.g. wind stress as forecasted by a weather model) and 

observations, in this case given by the WERA high frequency radar (HFR) array deployed along the Gulf of 

Trieste [8] (Figure 3), that allows for measurements of sea surface currents, via data assimilation. 

 

Figure 3 – Position of the Gulf of Trieste HF radar array and geographical coverage 
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One possible method to perform this task is the variational data assimilation, which consists of minimizing a 

so called cost or objective function that considers both background and observations: calling 𝑎,  𝑏,  𝑜 the 

analysis, background and observation values respectively, the function to be defined in general has the form 

𝐽  =  (𝑎 − 𝑏)𝑇𝐶𝑏
−1(𝑎 − 𝑏)  +  (𝑎 − 𝑜)𝑇𝐶𝑜

−1(𝑎 − 𝑜) 

with 𝐶𝑏 ,  𝐶𝑜 covariances associated to the background and observation errors. The result of this minimization 

process, the analysis, gives the best "fit" between data and model. 

Since the analytical surface currents are the result of a time convolution, the minimization must consider the 

temporal dimension: the approach is usually referred to as 4D-Var [9], due to the inclusion of the fourth 

dimension (time) other than the three spatial ones. 

Work is now in progress to define and compute the covariances needed for the cost function, as well as to 

choose the minimization approach (e.g. gradient descent). 

4.3 Machine learning-driven assimilation in the Gulf of Trieste 

4.3.1 State of the art 

The method described in the previous section aims to estimate the wind stress that better "fits" the observed 

currents, relying on the analytical solution of the physical problem of wind driven circulation. To do so, some 

approximations have been invoked to linearise the relationships between wind stress and ocean currents. 

Conversely, one can try to keep the nonlinear behaviour of fluid motion and estimate the wind stress directly 

from the data. Machine learning techniques could be applied to integrate HF radar data in the prediction of sea 

surface currents. 

Indeed, the use of machine learning for data assimilation tasks is becoming more and more common [11] and, 

in earth science applications, there is often the specific requirement that outputs satisfy physical constraints. 

In [10] and [12], the authors describe several methods that has been used to bring together physics and machine 

learning, with a specific focus on geoscience applications. However, there is not yet much literature about the 

specific task we are tackling. 

In [13], the authors use a Multi-Layer Perceptron to predict sea surface currents at the global scale given sea 

surface height (SSH), surface wind stress (zonal and meridional), sea-surface temperature (SST, θ), sea-surface 

Salinity (SSS), latitude and longitude. In [14] the authors present a deep learning model to reconstruct satellite 

data. Inpainting problems like this, have some similarity with the one that we propose to tackle, since radar 

data may also have some missing information that we need to reconstruct in our final product. 

For our case-study, in order to obtain data consistent with our physical knowledge, we are exploring the 

possibility to integrate machine learning with numerical models: in particular, we want to use neural networks 

to predict wind conditions starting from the radar data, in order to minimize the difference between the radar 

data and the output of the numerical model, given the newly computed wind field. 

To test our idea, we plan to first train a surrogate model of the numerical general circulation model, which 

provides sea surface current fields starting from wind fields, by using the sea surface current data produced by 

the model as ground truth. This step is useful, since the neural network can provide a result way faster than the 

physical model (see for example [10]). 

A second phase consists in training a neural network to produce a wind field starting from HF radar data, 

computing the loss function as the difference between radar data and the output of the surrogate model 

produced in the first phase. 
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5. Conclusions 

The two approaches outlined in this work will be carried out in parallel, offering the opportunity to cross-check 

their skill and identifying strengths and weaknesses of each one of them. 

With respect to classic data assimilation techniques, machine learning methods are usually computationally 

cheaper. On the other hand, they do not directly use physical knowledge, making their results more difficult to 

interpret and trust. It will be interesting to compare the two alternative approaches, also with the aim to study 

how they can be integrated with each other. 

The final goal of this work is to assimilate the estimated wind stress into a numerical model of the Gulf of 

Trieste, to improve its skill in simulating surface circulation, with applications in hindcasting and forecasting 

of passive tracer dispersion. Figure 3 (modified from [15]) shows the comparisons between the positions of 

real drifters released in the Gulf and the corresponding virtual drifters, transported by currents measured by 

the radar array (panel a) and simulated by a high-resolution general circulation model (panel b). After time 

periods of the order of one day, the separation between real and virtual (model derived) drifters grows to a 

spread of around 10 km; the spread between real and HFR-derived drifters is instead lower, especially referring 

to the tails of distributions. By assimilating the radar observations, it will be possible to reduce the error in 

tracers transport in the model, allowing for better forecasting of potentially harmful contaminants, such as oil 

spills from the tankers reaching the Port of Trieste, helping policymakers and stakeholders in the decision-

making process. 

 

 

Figure 4 – Difference in the position of real and virtual drifters: a) virtual HFR drifters, b) virtual model 

drifters (modified from [15]) 
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